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1 A Note to the Student

These notes are very much a work in progress. Please check the web-site
frequently for updates.

These notes do not attempt to explain matrix analysis or even linear algebra. For
that I recommend other texts. For example the chapter on Matrix Arithmetic is
more of an extended exercise than an explanation.

If you need explanations then G. Strang’s Linear Algebra and its Applications, is a
very good introduction for the neophyte.

On the other hand, if you have had a prior introduction to linear algebra, then
C. Meyer’s Matrix Analysis and Applied Linear Algebra is an excellent choice.

For students interested in systems theory, controls theory or operator theory I rec-
ommend H. Dym’s Linear Algebra in Action.

Finally, for students of mathematics, I suggest A (Terse) Introduction to Linear
Algebra by Y. Katznelson and Y. R. Katznelson.

After this class, to see how the ideas presented here can be generalized to the infinite-
dimensional setting, I recommend I. Gohberg, M. Kaashoek and S. Goldberg’s Basic
Classes of Linear Operators. Another excellent book is P. Lax’s Functional Analysis.

For more results in matrix analysis with good explanations nothing can beat R. Horn
and C. Johnson’s classic Matrix Analysis.

The serious student of mathematics will also want to look at R. Bhatia’s Matrix
Analysis.

For all algorithmic issues Matrix Computations by G. H. Golub and C. van Loan is
a classic source.

I hope these notes relieve the student of the burden of taking handwritten notes in
my lectures. Anyway, a good way to learn the subject is to go through these notes
working out all the exercises.

These notes are still a work in progress—typos abound. Please email them to me
as you find them (email: shiv@ece.ucsb.edu).

Ideally there should be no errors in the proofs. If there are I would appreciate
hearing about them.



There are many ways to present matrix analysis. My desire has been to find short,
constructive approaches to all proofs. If you have a shorter and more constructive
proof for any of the material please let me know.

Almost all proofs presented here are well-known. If at all there is a claim to in-
novation it might be in the proof of the Jordan decomposition theorem. What is
uncommon is a presentation of a version of the Riesz—Thorin interpolation theorem.

The last (incomplete) chapter on tensor algebra is very much a work in progress and
could easily stand a couple of re-writes. Use with a great deal of caution.
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2 Matrix Arithmetic

2.1 Notation

g o f denotes the composition of the function g with the function f; that is, (g o
(@) = g(f(2)).

The set of all positive integers.

The set of all integers.

The set of all real numbers.

The set of all complex numbers.

For us scalars will denote either real numbers or complex numbers. The context will
make it clear which one we are talking about. Small Greek letters o, 5,7, ... will
usually denote scalars.

A matrix is a rectangular array of scalars. If A is a matrix then the scalar at the
intersection of row 7 and column j is denoted by A; ;.

An m x n matrix has m rows and n columns. One, or both, of m and n can be zero.
The set of all real m x n matrices.
The set of all complex m x n matrices.

R™*! also called the set of column vectors with n real components.

€™ also called the set of column vectors with n complex components.
A block matrix is a rectangular array of matrices.

If A is a block matrix then the matrix at the intersection of block row i and block
column j is denoted by A; ;. We will assume that all matrices in block column j
have n; columns, and all matrices in block row 7 will have m; rows. That is we
will assume that A;; is an m; X n; matrix. We will denote the block matrix A
pictorially as follows

n]_ ) nl
mif Aig - Ay

A: . . .
mp\Ar1 - Apy

This is also called a k x [ block partitioning of the matrix A.

(=2 I | B L )
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Scalar mul-
tiplication

Exercise 1

Addition

Exercise 2
Subtraction

Exercise 3

0

Exercise 4
Exercise 5

Exercise 6

2.2 Addition & Subtraction

For any scalar «

aAyxn = Buxn

04<a)1x1 = (Oéa>1x1

N (A1,1 AI,Q) _ (OéAl,l OzALQ)
Ao Asgo alo ahgp

The above definition of scalar multiplication must be interpreted as follows. The
first equation implies that the argument A and the result B must have identical
number of rows m, and columns n. Therefore if either m or n is zero there are no
entries in B and nothing to compute. If the argument is a 1 x 1 matrix the second
equation states how the result must be computed. If the argument is larger than
that, the third equation states how the scalar multiplication can be reduced into at

most four smaller scalar multiplications.

Prove that if «A = B then a4; ; = B; ;.

Amxn + Bmxn - men

(a)1s1 + (b)) = (a+b)g

<A171 A1,2> n (Bl,l Bl,2> _ (Al,l +Bi
As1 Ao Bo1 Bao A1+ Bag

Prove that if A+ B = C, then A; ; + B; j = C; ;.
A-B=A+(-1)B.

Prove that if A — B = C, then A4; ; — B; ; = Cj ;.

We denote the m x n matrix of zeros by 0,,x,. We will drop the subscripts if the

size is obvious from the context.

Show that A -0 = A and 0A = 0.

Show that matrix addition is commutative: A + B =B + A.

Show that scalar multiplication is distributive over matrix addition: (A + B) =

aA + oB.

Ai2+Bio
Ao+ Bao

)

14

15

16

17



Multiplication

Exercise 7

Exercise 8

Exercise 9

Exercise 10

Exercise 11

2.3 Multiplication

Akakan = men
( )1><0( >0><1 = (0)1><1
(a>1><1(b)1><1 = (ab)lxl
(Au Aio ) (B1,1 Bip ) _ <A171B171 +A12B21 A11Bi12+A12Bop )
As1 Ao Bo1 Bop As1Bi1+A20Bo1 A 1Bio+ AsoBoo

Show that if AB = C then Zk Ai,kBk,j = Cw‘.

Show that A ( B171 BLQ e Bl,n) = (ABl,l ABLQ s ABl,n ) This shows
that matrix multiplication from the left acts on each (block) column of the right ma-
trix independently.

Show that
A A1B
Ao As1B
Am 1 Am 1B

This shows that matrix multiplication from the left acts on each (block) row of the
left matrix independently.

Show that
B .
(An Az - Agg) B:Zl => AyB,
B;“ I=1

i

This is called a (block) inner product. Quite confusingly, when all the partitions
have only one row or column, each term on the right in the sum is an outer product.
In that case this formula is called the outer product form of matrix multiplication.
Usually the term inner product is reserved for the case when A has one row and B
has one column.

Show that
A Ai1Bi1 A11Bigo - A1By,
Ao As1B11 AsiBio - Ag1By,
‘ (Bii1 Bia2 -+ Biy)= : : :
A AniBin ApiBig - ApiBig

)
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Lower trian-
gular matrix

Exercise 12

Exercise 13
Exercise 14

Exercise 15

This is called a (block) outer product. Usually the term outer product is reserved
for the case when A has one column and B has one row.

A square matrix L is said to be lower triangular if all its entries above the diagonal
are zero; that is, L; j = 0 for i < j.

Show that the product of lower triangular matrices is lower triangular.

Matrix multiplication behaves a great deal like regular multiplication, except for one
crucial fact: in general it is not commutative (non-commutative).

Find 2 x 2 matrices A and B, such that AB # BA.
Show that matrix multiplication is associative: (AB)C = A(BC).

Show that matrix multiplication is left and right distributive over matrix addi-
tion: A(B+ C)=AB + AC, and (B+ C)A = BA + CA.

19



Left inverse

Exercise 16
Exercise 17

Right inverse

Exercise 18
Exercise 19

Identity

Exercise 20

Left inverse

Exercise 21
Right inverse

Exercise 22

Exercise 23

Inverse

10

2.4 Inverses

Let A and B be two sets. A function f : A — B is said to have a left inverse
g: B — Aif go f is the identity map on A.

Show that a function has a left inverse iff it is one-to-one.
When does a one-to-one function have more than one left inverse?

Let A and B be two sets. A function f : A — B is said to have a right inverse
g: B — Aif fogis the identity map on B.

Show that a function has a right inverse iff it is onto.
When does an onto function have more than one right inverse?

The n x n identity matrix is denoted by I,, and is defined to have ones on the
diagonal and zeros every where else. That is, I;; = 1 and I; ; = 0 if ¢ # j.

ShOW that ImA.an - AanIn - A.an.

We will restrict our attention to linear left and right inverses of matrices. So we
re-define these notions to suit our usage.

AL is said to be a left inverse of A if A=A =1.

From now on the subscript on the identity matrix that denotes its size will be
dropped if it can be inferred from the context. So, in the above definition, it is clear
that the size of the identity matrix is determined by the number of columns of the
matrix A.

How many rows and columns must A~% have?

A~ is said to be a right inverse of A if AA~ =1.

How many rows and columns must A% have?

To unify our definition of matrix inverses with function inverses we can think of a
matrix A« as a function that maps vectors in C" to vectors in C" by the rule
y = Az for all z € C".

Verify that the above statement makes sense; that is, if A~F is a matrix left inverse
for A,,xn, then it is also a left inverse for A viewed as a function from C" to C™.

A1 is said to be an inverse of A if it is both a left and right inverse of A.

20
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Exercise 24  Show that if A™! exists then it must be unique. Hint: Use Exercise 16, Exercise 17,
Exercise 18, Exercise 19 and Exercise 23.

Example 1

when ad — be # 0.

Example 2

A 0o\ Al 0
B c) ~\-c!BA! C!

when A1 and C~! exist.

Exercise 25 Find

A B\
0 C
when A~1 and C~1 exist.

Example 3

co(d)-
(Bao-(2)

This shows that a left inverse need not be a right inverse and vice versa.

(0 0)

has no left or right inverses. Later we will define the pseudo-inverse of a matrix,
which will always exist.

but

Exercise 26 Show that the matrix

Upper trian- A square matrix U is said to be upper triangular if all its entries below the diagonal 26
gular matrix are zero; that is, U; ; = 0 for i > j.

Exercise 27 Show that the inverse of an upper triangular matrix exists if all the diagonal entries
are non-zero, and that the inverse is also upper triangular. Hint: Use Exercise 25.

Exercise 28 Show that (AB) ™' = B1A~! when A1 and B! exist.

11



2.5 Transpose

Transpose Transpose is denoted by a raised superscript 7" and is defined by 27
T
(a)ix . = (a)ix1
A1 A _ A1T,1 Ag,l
Asi Agp Af, A7,

Exercise 29 Show that if B,,x,n, = AT then A is an m X n matrix and B ;= Aj;.
Exercise 30 Show that (A + B)T = AT + BT.

Exercise 31 Show that (AB)” = BT AT provided the product AB is well-defined.

Hermitian Hermitian transpose is denoted by a raised superscript H and is defined by 28
transpose H _
(a)1x1 . = (@)1x1
A1 A _ Afl A%ﬁ
Asi Ay Afl, AL

where z denotes the complex conjugate of z.
Exercise 32 Show that if Byxm = A then A is an m x n matrix and Bi; = Ajyi.
Exercise 33 Show that (A +B)7 = A 4 B,
Exercise 34 Show that (AB) = B¥ A provided the product AB is well-defined.

The (Hermitian) transpose is a crucial operator as it lets m X n matrices act by
matrix multiplication on other m x n matrices.

Exercise 35 Show that A# A and AA are well-defined matrix products. Note that in general
A? is not a well-defined matrix product.

12



Permutation

Exercise
Exercise
Exercise
Exercise

Exercise

36

37

38

39

40

Unit lower tri-
angular matrix

Exercise

Exercise

41

42

LU

13

2.6 Gaussian Elimination

How do we compute a left, right or just plain old inverse of a given matrix A?
Answer: by Gaussian elimination. We will present Gaussian elimination as a matrix
factorization.

Given a permutation o1, 09,...,0, of the integers 1,...,n we can define a permu-
tation matrix P by the equation

X1 Loy
X2 Toqy

P . = . x; € C.
:L‘n I’Un

Write P down explicitly when 01 = 4,09 = 1,03 = 2,04 = 3.

Write P down explicitly in the general case.

Show that PT =P~

Show that a product of permutation matrices is another permutation matrix.

If P is a permutation matrix such that

x] Ty
P $:2 = I(,T2 X; € C.
) \ao,
for some permutation o; of the integers 1,...,n find
(x1 xo - xy)P.

Hint: Transpose.

A lower triangular matrix with ones on the main diagonal is called a unit lower
triangular matrix.

Show that the product of unit lower triangular matrices is unit lower triangular.

Show that a unit lower triangular matrix always has an inverse, which is also unit
lower triangular, Hint: Use Example 2 and Exercise 27.

For every m x n matrix A there exists two permutations P; and P9 such that
P1APs = LU, where L is a unit lower triangular matrix and U is of the form

29

30

31



T n—r

T Ui Upp
U= m—r( 0 0 >’

where Uy 1 is an upper triangular matrix with non-zero diagonal entries.
Rank The integer r in the LU factorization of A is called the rank of the matrix A.
Exercise 43  Give examples of m x n matrices for which the ranks are 0, 1, m and n.

Proof of LU decomposition. The proof is by induction on the matrix size.

Case 1.
I o, I =160
NN NN
P, A P, L U

In this case Uy is empty and the rank r = 0.

Case 2. Pick two intermediate permutations Q; and Qg such that the (1,1) entry
of Q1AQ3 is non-zero.

Exercise 44 Prove that this step is possible if A # 0. Otherwise we are done by case 1.

Let

with Al,l # 0. Let

1 0 Aqq Ao
L = _ d U — ’ ’ —
! (A2,1A1& I ) o ! ( 0 Ags—Ag1AT1A

where Lj is a unit lower triangular matrix. Lj is called an elementary Gauss
transform.

Exercise 45 Show that
Q1AQ2 =L;U;.

Let S1 = Ago — A271A1_&A1,2, which is called a Schur complement. Note that
S1 is smaller than A. If Sy is empty then we are done. Otherwise, by the induction
hypothesis S; has an LU decomposition

Q351Q4 = LUy (2.1)

14



Exercise 46

Exercise 47

Exercise 48

Exercise 49

Exercise 50

15

where Q3 and Q4 are the associated permutation matrices. Substituting this in the
expression for U; we obtain

1 0 A11 A12
AQ; = - ’ ’ .
Q1AQ; (AQJAL} I)( 0 QIL,U.QY )

-~

L U,

Verify this. Hint: Multiply equation 2.1 from the left by Q3T

We can now expand and factor the right hand side of the above expression to obtain

(1 0 1 0\ (A1 A1pQu\ (1 O
Q1AQ2—(0 Q3T> (Q3A2,1A1_,} L2)( 0 U, )(0 Qf>'

Verify this.
We observe that
(1 0 ) and (1 0 )
0 Qf 0 Qf
are permutation matrices.
Prove it.

Therefore their inverses are just their transposes. We can multiply by their trans-
poses on the left and right respectively of the above equation and obtain the desired
LU decomposition of A

1 0 1 0 1 0 Al Ay 2Q4)
A = _ : ' )
(() Q3> Qi ?2 (0 Q4) <Q3A2,1A1& L2> ( 0 Uy g

(. J (.

P, Py L U
O

Verify that L in the above equation is unit lower triangular and that U has the form
promised in the LU decomposition definition 31.

Write a software program in your favorite programming language to compute the
LU decomposition of a matrix.

Gaussian elimination, and hence the LU decomposition, is the heart of matrix alge-
bra. Schur complements are one common manifestation which often goes completely
unnoticed in practice.



Exercise 51

Exercise 52
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2.7 Solving Ax =Db

Given an m x n matrix A and an m X k matrix b how do we find all n x k£ matrices
x which satisfy the equation Ax = b? Answer: LU decomposition.

Let P1AP2 = LU. Substituting this in the equation for x we obtain the following
set of equivalent equations for x
Ax =D
PILUPIx=b
UPIx =L 'P;b.

Why do each of the above equations determine exactly the same set of solutions x?

Let

r n—r

T Uin Ujpp
U= m—( 0 0 )

where 7 is a rank of A and let

_ b
Plx=y= Y1,1) and L 'Pb= " ( L1 )7
2 Y n—r <Y2,1 ! bo 1

with some abuse of notation. Substituting back into the equation for x we obtain

Uin Upp yi1) _ (b1
0 0 y2.1 bay1 )

We see that the last block equation requires that bo; = 0. Either this matrix
has zero rows and the condition is trivially satisfied, or it does not, and then the
validity of this equation depends entirely on the given b and L and P1. If bo 1 # 0
then there are no matrices x which satisfy the equation Ax = b. If b1 = 0
then we must look at the remaining first block equation Uy 1y11 4+ U 2y21 = b11.
Since we are guaranteed that Uj ;1 is invertible we see that the general solution is
yi1 = Ul_j(bl’l — Uj2y2,1), where we are free to pick y2 1 freely.

Verify this last statement thoroughly; that is, show that any solution y, can be
written in this form.

We can state this result more succinctly as

_ (Uiibis ~U1Upo
() ()



Exercise

Exercise

Exercise

Exercise

Exercise

Exercise

Exercise

23

o4

95

o6

57

29

17

where z can be chosen freely.

Of course we really want all the solutions x which we now obtain as

x =Py (Ul_%bM) + P (_U£EU1’2> Z,.

whenever b 1 = 0; otherwise there are no solutions.
Verify that every solution is of this form.

Show that an m x n matrix A has a right inverse iff rank(A) = m. Such a matrix is
called a full row-rank matrix. Write down explicitly all right inverses of A. Hint:
I just did it.

Find all x that satisfy the equation x A = b¥ explicitly in terms of the LU
factorization of A (not AfT).

Show that an m X n matrix A has a left inverse iff rank(A) = n. Such a matrix is
called a full column-rank matrix. Write down explicitly all left inverses of A in
terms of the LU decomposition of A (not AH).

Show that if a matrix has both a left and right inverse then it is square.

Show that A has a left inverse iff Ax = 0 implies x = 0.

Show that A has a right inverse iff x A = 0 implies x = 0.



Problem

Problem

Problem

Problem
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2.8 Problems

Using the LU decomposition of A find explicit expressions for all non-zero solutions
x of Ay,xpx = 0. Show that there are non-trivial solutions x # 0 if m < n.

Using the LU decomposition of A find explicit expressions for all matrices b such
that A,,xnX = b has no solution x. Show that such matrices b always exist if
m > n.

Usually in practice “linear algebra” is needed to analyze linear equations where the
coefficient matrix has some special structure. Here are some simple cases.

Find all matrices X that satisfy the equation AXB? = C, in terms of the LU
factorizations of A and B. State the precise conditions under which there are no
solutions.

Let U; and Ug be two upper-triangular matrices. Let Z be an m x n matrix. Let
X be an unknown matrix that satisfies the equation

Ui X+ XUy =7Z.
A. Give an algorithm to find X in O(mn(m + n)) flops (floating-point operations).

B. Find conditions on Uj and Uy which guarantee the existence of a unique solution

X.

C. Give a non-trivial example (U; # 0, Uy # 0, X # 0) where those conditions are
not satisfied and

U1 X+ XUy =0.



F

Vector space

Exercise
Exercise
Exercise

Exercise

60

61

62

63
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3 Geometry

We will now develop the basic notions of Euclidean geometry in higher-dimensional
spaces.

3.1 Vector Spaces

We will use [F to denote either R or C, and we will call its elements as scalars. 33

A vector space consists of a set V of vectors and a set F of scalars, an operation 34
+: VxV — V, called vector addition, and an operation called scalar multiplication
from V x F to V, that satisfy the following properties for all u,v,w € ) and all

o, eF:

. u+v=v+ueV (closed and commutative);
2. (u+v)+w=u+ (v+w) (associative);
3. There exists a 0 vector in V such that v + 0 = u (existence of identity);

4. For each u € V there exists an element —u € V such that u+(—u) = 0 (existence
of inverse);

5. ua €V (scalar multiplication is closed);
6. (u+v)a =ua+ va (distributive);

7. u(la+ f) = ua+ uf (distributive);

8. u(af) = (ua)p (associative);

9. wul = u (unit scaling).

Note: We will allow the scalar in scalar multiplication to be written on either side
of the vector it is multiplying. This is possible because both vector addition and
scalar multiplication are commutative, associative and distribute over each other.

Show that the 0 vector in V is unique.
Show that for each v € V there is exactly one vector w such that v + w = 0.
Show that Ov = 0 for all v € V.

Show that (—1)v = —v for all v € V.



]F‘n

Exercise 64

men

Exercise 65

20

The set of column vectors with n elements drawn from F.

Show that F" is a vector space over the scalars F with the obvious definition of
vector addition and scalar multiplication.

The set of m x n matrices with elements drawn from F.

Show that F™*™ is a vector space over the scalars F with matrix addition as vector
addition and the usual scalar multiplication.

Note: When the scalar I is obvious, we will abuse notation and call V as the vector
space. There is usually no confusion as to the implied vector addition and scalar
multiplication operations either.

35

36



Subspace

Exercise 66

Nullspace

Exercise 67

Range space

Exercise 68
Left nullspace
Row space
Exercise 69
Exercise 70

Sums of sets

Exercise 71

Exercise 72

Exercise 73

Exercise 74

Direct sum

21

3.2 Hyper-planes

A subset W of a vector space V is a subspace of V if W is a vector space in its own
right.

Fortunately, it turns out that W is a subspace of V iff it is closed under vector
addition and scalar multiplication.

Prove it.

The nullspace of a matrix A € F" " denoted by N (A), is the set of all column
vectors x € F" such that Ax = 0.

Show that N'(A) is a subspace.

The range space of a matrix A € F™*", denoted by R(A), is the set of all vectors

y € F™ such that Ax =y for some vector x. This is also called the column space
of A.

Show that R(A) is a subspace.

N(AT) is called the left nullspace of A.

R(AM) is called the row space of A.

Show that the intersection of two subspaces is a subspace.

Show that the union of two subspaces need not be a subspace.

Let Wi and W, be two subsets of the vector space V. Wi + W is defined to be the
set of all vectors of the form wy + wo, where wi; € W) and wo € Wh.

Show that Wi + Wh is a subspace if W; and Wy are subspaces.

Let W; and W, be subspaces. Show that W; + W, is the smallest subspace that
contains W; U Wh.

Show that R (A B)) =R(A) + R(B).

N((‘é)) _ N(A)NN(B).

If Wi and Wy are subspaces with W; N W = {0}, then W; + W is written as
W1 @ Ws, and it is called the direct sum of W; and Ws.

Show that

37
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Linear combina-
tion

Span

Exercise 75
Exercise 76

Exercise 77

Linear In-
dependence

Linear De-
pendence

Exercise 78

Exercise 79

22

If vi,v9,...,v; (0 < k < o0) are vectors and aq,,...,qx are scalars, then the 44
vector Zle a;v; is called a linear combination of the vectors vy, vs,. .., vg.

Note that we can write this as

aq
k as
ZO&Z‘UZ' = (Ul vy - Uk)
=1
af

So matrix vector multiplication results in a linear combination of the columns of the
matrix. Note that the matrix containing the vectors v; must be viewed only as a
block matrix, since the vectors v; are abstract at this point. However, from now on
we will allow such abstract block matrix notation where convenient.

The span of a set of vectors vy, ve, ..., v is defined to be the set of all possible linear 45
combinations of vy, vo, ..., vg.

Show that span{uvy, v, ..., vt} is a subspace.

Show that span{vy,ve, ..., v} is the smallest subspace that contains vy, ve, .. ., vg.
Show that span{vy,va, ..., v} =R((v1 vy -+ vg)).

Spans are a compact means of specifying a subspace. However, they are not the
most compact necessarily.

A set of vectors vy, va,..., v is said to be linearly independent if the equation 46

a1V + aove + - - + apup = 0,

has only the zero solution oy = ag = -+ = ap = 0.

A set of vectors vy, v, ..., v is said to be linearly dependent if they are not linearly 47
independent.

Show that vy, ve, ..., v; are linearly independent iff N'((v1 vy -+ wg)) =0.

Let

A= (L),

where L is a lower-triangular matrix. Show that the columns of A are linearly
independent if the diagonal entries of L are non-zero.



Basis

Dimension

Exercise 80

Exercise 81

Exercise 82

Exercise 83

Exercise 84

23

A set of vectors vy, vg, . . ., vy is a basis for a subspace W if span{vy,va, ..., v} =W 48
and the vectors vy, vo, ..., v; are linearly independent.

Suppose a subspace W has a basis with k vectors. Then k is called the dimension 49
of W and denoted by dim(W) = k.

Implicit in the above definition is that the dimension of a subspace does not depend
on the choice of basis. We prove this now. Assume to the contrary that the subspace
W has vy, v, ..., v as one basis, and wy, we, ..., w, as a second basis with r < k <
oo. It follows from the properties of basis that there is an r x & matrix X such that

(v1 w2 - vp)=(wy we - wr)X.
Since X is fat, N(X) # {0}.
Why?
Let 0 # z € N (X). Then it follows that
(v1 vy -+ vp)z=(wr wy - w)Xz=0.
Hence vy, v, ..., v are not linearly independent, giving a contradiction.

Let A be an m x n matrix. Find bases for

e R(A)
o N(A)
o R(AM)
o N(AH)

explicitly using the LU factorization of A (only). From this establish that
e dim(R(A)) = dim(R(AM)) = rank(A)

e dim(N(A)) +rank(A) = n.

The last formula is called the rank-nullity theorem.

Show that dim(F") = n.

Show that dim(F"™ ") = mn.

Let F* denote the set of columns vectors with elements drawn from F and indexed
from 1,2,.... Show that dim(F) is not finite.



Exercise 85 Show that for every matrix A there are two full column-rank matrices X and Y
with the same rank as A, such that A = XY,

Exercise 86 Let X and Y be two full column-rank matrices of the same rank. Show that

rank(XY?) = rank(X) = rank(Y).
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Exercise 92
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3.3 Lengths

A norm, denoted by |-, is a function from a vector space V over F to R that satisfies
the following properties

e |v| >0 for all v € V (positive semi-definiteness)

o |v| =0iff v =0 (positive definiteness)

o |av| = |al|v| for all « € F and all v € V (homogeneity)
e |v+w| <|v|+|w]| for all v,w € V (triangle inequality)
Show that [[v] — [w]| < v —w].

Show that norms are continuous functions on F". Hint: Let e; denote a basis for
F"™. Then

n
v —w| < Z |v; — w;l|ei| < constant - nax lv; — w;).
i=1 ==

The set of vectors with norm < 1 is called the unit ball of that norm.
The set of vectors with norm 1 is called the unit sphere for that norm.

A set of vectors in a vector space V is said to be convex if for every pair of vectors
v and w in the set, and every 0 < X\ < 1, the vector v+ (1 — A)w is also in the set.

Show that the intersection of two convex sets is convex.
Show that the sum of two convex sets is convex.
Show that the unit ball of a norm is a convex set.
A function f from a vector space to R is said to be convex if
v+ (1= Nw) < Af(v) + (1= A) f(w)
for all vectors v and w and 0 < A < 1.
Show that if f is a convex function then {v: f(v) <~} is a convex set for all ~.
By considering the function —e® show that the converse is not true.
Show that | - | is a convex function.

If f:V — Ris a function that satisfies the following conditions
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e f(v)>0forallveV

o f(v)=0iffv=0

o f(av)=|a|f(v) foralla € Fand allv eV

e The set {v: f(v) <1} is convex

then f defines a norm on V.

Proof.

Show that the ball of radius r, {v : f(v) <r}, is convex.

Show that f (Af(x)y + (1 — N f(y)x) < f(z)f(y) for all 0 < XA < 1. Hint: f(x)y lies
in the ball of radius f(z)f(y).

Finish the proof by picking A = f(y)/(f(x) + f(y)) in the above inequality. [

This shows that the triangle inequality requirement is equivalent to the convexity
of the unit ball.

For x € F" the p-norm of x, for 1 < p < oo is defined to be

1

n P

Ixlp = <lei\p> :
=1

For p = 0o we define the co-norm of x to be

oo = max |zl .

Show that

lim |x[, = |x[oc.
pToo

Show that the function | - |, for 1 < p < oo satisfies the first three conditions for
being a norm.

Show that the sum of two convex functions is convex.
Assume that the function |x|P is convex when 1 < p < oo. Or, better yet, prove it.
Show that the function fi(x) = |z1|P is convex if 1 < p < 0.

Show that the function |x|b is convex if 1 < p < cc.
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Show that the maximum of two convex functions is convex.
Show that |x|~ is convex.

Now observe that the unit ball {x : [x|, < 1} = {x : |x|) < 1}. Tt follows that
the unit balls for p-norms are convex. Hence, by Lemma 1, we have established the
triangle inequality for p-norms.

Ix+ylp < xlp + Iyl  1<p<oc
The case p = 2 is called the Euclidean norm. Observe that
x|z = VxHx.

Let | - |« and || - |3 be two norms on a vector space V. The two norms are said to
be equivalent if there exist two positive finite constants ¢; and ¢ such that

calvla <fols < calvla, Vo eV
All norms on F" are equivalent.
Proof. It is sufficient to show that | - |5 is equivalent to | - | .
Why?

Let e; denote the columns of I,,. From the triangle inequality it follows that

n
Ixls < lleilglzil < eallxloo,
i=1

for some constant cs.
Why?

For the lower bound assume to the contrary that there does not exist ¢; > 0 such
that c1|x|o < |x|. This implies that there exists a sequence of vectors x(k) ¢ Fn

such that [x*)| =1 and [x®]5 < 1/k.
Why?
Show that the unit sphere for | - | is compact.

Therefore it follows that there is a sub-sequence x*) such that
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lim x!
[Too

= X,
for some x € F™ with |x|s = 1.
Why?

By assumption |x*)|5 < 1/k;. Since | - |5 is continuous we have

lim x50 5 = Jx] = 0.
IToo

This implies that x = 0.

Why?

But this contradicts the fact that |x[. = 1. O
Show that for x € F", |x|, < x|, for 1 < ¢ <p < oo. Hint: It is easy if |x|, = 1.

Show that for x € F", |x]2 < v/|x]1]%]cc-

Establish the following inequalities for x € F"

Ix[1 < Vnlx|2

%[+ < nfx]o
[xl2 < vnlxlo

Hint: For the first inequality use the fact that 2zy < |z|? + |y|%.
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3.4 Angles

Pythagorean Theorem: If x and y are two perpendicular vectors (whatever that
means), they should form a right-angle triangle with x +y as the hypotenuse. Then
the Pythagorean Theorem would imply that

I +yl3 = IxI3 + lyl3.

H

Simplifying this using the fact that |x|3 = xx, we obtain xy = 0.

Two vectors x and y in F™ are said to be (mutually) orthogonal if x¥y = 0. This
is denoted by x 1 y.

More generally, for vectors in R", we define the angle # between two vectors x and
y via the formula

XTy

cosf) = ——————
Ix[2]yl2

There are many ways to justify this choice. One supporting fact is the Cauchy—
Buniakowsky—Schwartz (CBS) inequality.

x| < Ixlalyl
Given x and y from F", find A\, such that,
[x 4+ Ayl2 = [x + Ayl
for all A € .
Starting from
|x + Asyl2 > 0,
derive the CBS inequality.
The CBS inequality is a special case of the Holder inequality.

1 1
H
<y < Idlplyly o+ =1

Prove the Holder inequality when p = 1 and ¢ = oo.
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Proof of Holder inequality. Note that —Inz is convex on (0,00). Hence, for
x> 0andy > 0,

—In(Az+(1-Ny) <—-Alnzx—(1—XN)Iny.
Or, equivalently,
Alnz+(1—-AN)Iny <ln(Az+ (1 —N\)y)

Exponentiating both sides we obtain

Myl <+ (1= V. (3.1)
Therefore it follows that, with A\ = }lj and 1 — )\ = %,
1 1
(|$i|p)’3 (|yz'|q>a o Lail? +1|yi|q'
Ix[» Iyla/) — plxlp  qlylg
Summing both sides from 1 to n the Holder inequality is derived. U

Show that for x € F"

xl2 < /Ixlplxly  ~ 4= =1
x2 <A/ Ixlplxly -+ ==1.
pl>lq pq

Show that
H
X 1 1
el = sp PV 1L
0£ycF" ||Y||q P q
For this reason | - |, and | - |, are called dual norms whenever p+¢q =pq. |- |2 is

the only self-dual norm among the lot and plays a prominent role.
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3.5 Matrix Norms

The trace of a square matrix is defined to be the sum of its diagonal elements. 61

Show that trace(A + B) = trace(A) + trace(B).

Show that trace(AB) = trace(BA).

The Frobenius norm of a matrix A, denoted by |A |, is defined to be

Show that

Show that the Frobenius norm satisfies all the properties of a norm.

JAI =) 1A,

i=1 j=1

trace(AHA). 62

Let | - | be a norm on F”* and let | - |3 be a norm on F™. On F™*" define the norm 63

Show that [ - [a,5 satisfies all

Show that

|Ax] s

0#£xcF" Ix]a

[Ala,s =

the properties of a norm.

|Ax]s < [A

X|q-

o,

For A € F"™*" we define the p-norm of A to be

|Al, =

A
w140,

; I1<p<oo
0#£xcF" “X”p

64

For x € F"™*! show that the vector p-norm and matrix p-norm give identical values.

Show that for A € F™*"

Show that for A € F™*"

m

HAMZ£%§29&J
1=

n
HMRZ@&@E}MmL
]:



Exercise 128 Sub-multiplicative property: show that

Exercise 129 Establish the following inequalities for A €

Exercise

Exercise
Exercise
Exercise
Exercise

Exercise

Exercise

Exercise

130

131
132
133
134

135

136

137
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|ABI, < |Al,[Bl,-

]Fan

[Alr < m|A]w
[Aloo < nfAlx

[AlL < vm[A]s
[Al2 < VAl

Hint: The corresponding inequalities for vector norms might prove useful.

Show that for A € F™*"

H
vy Ax
|Af2 = sup u
ozyerm [¥l2]x|2
0#xcF"
Show that |A s = |AT|s.
Show that |AB|p < min{|A[2[B|p, [A]r|B]2}.
Show that A < [A] .

Show that the Frobenius norm is sub-multiplicative.

Show that for A € F™™*"

H
vy Ax 1
|Al, = sup u —+-=1
oyer™ [Ylqlx]p P q
0#xcF"

Show that |A |, = |[A#], when pg = p + q.

Schur’s lemma is important in practice:
2
[A]z < [A]1]A]co-

Show that for ¢ > 0,

22 1y2

WS eyt

and that the lower bound is achieved for some ¢ > 0 when x,y > 0.



Since, for x € F" and y € F™,

. m n mon |yi|2 1|JJ]’|2
'y Ax‘SZZ|AM‘||?J¢||$J‘|SZZMW'(C 2 T2 )

i=1 j=1 i=1 j=1

whence
H ¢ 1
|y Ax| < SIALlyl + oA LI

Therefore, using the achievability of the lower-bound of exercise 137, we can con-
clude that

H
|y " Ax| -
Ix]2]yl2

VIARA ],

from which Schur’s lemma follows.
Exercise 138 Why?
Exercise 139 A more straight-forward approach is to split A; ;

SO il il ksl = 3057 4/ 1Aisl il /14i

i=1 j=1 =1 j—1

|51,

and use the CBS inequality 59. Do so.
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3.6 Riesz—Thorin

Schur’s lemma is a special case of a result of M. Riesz. Due to an elegant proof of
Thorin it is called the Riesz—Thorin interpolation theorem. We present a specialized
version of the result.

1 1—a a
A <|A 1-a Al ’ I + —,
[Alp@) < 1Al “IAl, - T

0<a<l.

We give a brief and dirty review of the needed complex analysis. For the next few
exercises engineering proofs are good enough, as a lot more work is needed to enable
rigorous proofs.

A formal series of the form

is called a Taylor series about the point a € C.

The radius of convergence of a Taylor series ZZO:O an(z—a)™, is a number R, possibly
infinite, such that

(o]

Z|anHz—a|n < 00

n=0
whenever |z —a| < R.

Let €2 denote an open set in C. We assume that the boundary of €2 is a piece-wise
smooth curve that is simply connected.

A function f is said to be analytic in €2, if at every point a € €2 it has a Taylor series
representation, f(z) =Y " an(z —a)"”, with a non-zero radius of convergence.

Let

Show that e* is analytic in C.

Let I' denote the circle |z — a| = R, such that I' C Q. Let f be analytic in 2. Show
that
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/Ff(z)dz = 0.

Hint: Take z —a = Re” and dz = Rie'?df and write it as an ordinary integral over
0<6<2m.

Show that

1
_ L [,
2 Jpz—a

f(a)

This is called Cauchy’s integral formula. Hint: Use a Taylor series expansion for f
integrate term-by-term.

Show that

[f(a)] < max [f(2)]

|z—a|=R

Show that f(z) must attain its maximum (and minimum) at the boundary of €.
This is called the maximum principle.

This is the end of the review, as all we needed was the maximum principle. You
should be able to give complete proofs from now on.

For the rest of this section let €2 be the strip 0 < Rez < 1.

Show that |e*?|, with real A\, must achieve its maximum and minimum in © (inde-
pendently) on one of the lines Re(z) = 0 or Re(z) = 1. This does not require the
maximum principle.

Show that |Z£]:1 zpe?| with real ), achieves its maximum on one of the lines
Re(z) = 0 or Re(z) = 1.

Let f(z) be analytic in an open set containing ). Let

F(a) =sup|fla+wy)l, 0<a<l
Yy

Then
F(a) < Flfa(O)F“(l).

Proof of three lines lemma. Let
F(0)

6(2) = f(z)e” # T
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Clearly ¢ is analytic in an open set containing €. By the maximum principle |¢(z)| <
F(0) on . Therefore

alogw
|fla+w)le T < F(0),

and from this the three lines lemma follows.

Why? O
We note that
HAx 1
(Al = sup YA LT
x,y#0 ||Y||q||X||p p q

Let

1 B 1—=z2 z

p(z)  po m
and
1 1
p(z)  aq(2)

Observe that

Prove it.
Let [x[pa) = 1¥l4a) = 1- Let 2 = |lz|e¥k and yp, = |yx|e'P%. Define

pla) @)
wi(2) = oM@ e and  yp(2) = |yl @ e

Define
f(z) =y"(2) Ax(2).

Note that 1/p(z) and 1/¢g(z) are linear functions in z, and hence analytic in z.
Therefore x(z) and y(z), and hence f(z), are also analytic functions of z.

Prove it.
As before let F'(a) = sup,, |f(a + wy)|. Then it is true that
F(0) <|Alpy,  and  F(1) < [Alp,. (3.2)

To prove these we first observe that
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( 1 > 1l—2z = 1
Re —_— — _|_ - — _ .
p(z + wy) po  n p)
Prove it.

Hence it also follows that

fe (q(x -1F Ly)> - q(lw)'

Therefore we can conclude that [x(a + ¢8)|p@) = [x(a)

)y = 1y (@)lg(a)-

Ip(a)- Similarly [y(a +

Prove it.

Next we note that [x(0)[2) = |x(a)[’e) = 1 = [x(1)3}. Similarly [y(0)|%) =
Iy (@)% = 1= Iy (%),

Prove it.

From this it follows, using Holder’s inequality, that
F(0) = Sup |f(eB)] < sup [y (8) g0y | Allpo 1% (25) [y = [-Alpo-

Similarly we can establish that
F(1) < |Alp, -

Now choose x and y such that f(a) = |A,«), in addition to the fact that that
[%lpa) = [¥lg@) = 1. Then it follows that

F(a) = Sup [f(a+b)] < [Alp@) = [f(a)] < F(a).

Now apply the three lines lemma to obtain the Riesz—Thorin theorem.
Do so.

For finite-dimensional matrices Schur’s lemma is more than sufficient in practice.
The Riesz—Thorin result exhibits its power in the infinite-dimensional case, where
one or both of the 1-norm and the co—norm may be infinite.
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3.7 Perturbed inverses

We will now show that A~! is a continuous functions of its entries. There are
several ways to establish this fact. We will take a route via Neumann’s theorem
that is useful in its own right.

Let A, for n = 1,2,..., denote a sequence of m X n matrices. We say that
limy, .~ A, = A, if every component of A,, converges to the corresponding compo-
nent of A. In other words convergence of a matrix sequence is defined component-
wise.

Show that lim, oo Ay, = A iff limy, o0 |[Ar, — A| = 0, for any valid matrix norm.
Note that this is not true for matrices of infinite size.

We say that 3°° | A, = A if limy, 500 Sp = A, with Sy = S A,

Just like infinite sums of numbers, convergence of infinite matrix sums can be deli-
cate.

Riemann’s theorem. Show that by re-ordering the sum > > ,(—1)"/n you can
make it converge to any real number.

This cannot happen if the series converges absolutely. Geometrically if you think of
the series as a string with marks on it corresponding to the individual terms, bad
things can happen only if the string has infinite length.

We say that > 2| A, converges absolutely if > 7, |A,| < oo, for some matrix
norm.

Show that if Y7 | |A,| < oo then there exists a finite matrix A such that > 7 | A,, =

A.

Let A be a square matrix such that |A| < 1 for some induced matrix norm. It then
follows that

(I - A)_l = iAna
n=0

with absolute convergence of the series on the right.
Proof. This is just the matrix version of the geometric series.
Show that for |z| < 1, (1 —2)7! = > 92", with the series converging absolutely.

Show that Y2 ; A™ converges absolutely since |A] < 1.
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The only question is whether it converges to (I — A)~!'? First we prove the required
inverse exists. Suppose it does not. Then there exists a vector x with |x| = 1 such
that Ax = x. (Why?)

Show that this implies that |A| > 1, which is a contradiction.
It follows that I — A is invertible.

Suppose > 7| A, and Y7 | B,, are two absolutely converging matrix series. Show
that

o YaiAnt 2l By =31 (A0 +B,)

o CX LA =2,0,CA,

Show that (I—A)> > A" =1. O
Show that if A = > A, then |A| <> 07 |A,].

Show that if |A| < 1 for some induced matrix norm then |(I—A)~!| < (1—|A[)~L.

Let [A~!||E| < 1 for some induced matrix norm. Show that A + E is non-singular
and that

[(A+E)~ — A7
A=

Lo
A (1= TA-TIIE])

< AJIATY

The factor k(A) = |A[|A~!| is called the condition number of the matrix A and
it is the amplification factor for the norm-wise relative error in A~! due to relative
norm-wise perturbations in A. In general, linear systems with large condition num-
bers are difficult to solve accurately on floating-point machines. It is something that
one should always be aware of.



3.8 Problems

Problem 5 Let Ax =b and (A + E)y =Db. Let | - | denote an induced matrix norm. Suppose
further that |A~!'E| < 1. Show that

IE 1

Ix -yl
—= < k(A) .
|A[ 1~ |ATIE]

<[~
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4 Orthogonality

The fact that the vector 2-norms are related to matrix multiplication leads to a
powerful algebraic technique.

4.1 Unitary Matrices

A set of column vectors v; is said to be orthonormal if |v;|s = 1 and viv; = 0 for
i .

A square matrix U is said to be unitary if U U = L.

A real unitary matrix is called an orthogonal matrix.

Show that if the matrix U is unitary then UU = I.

Show that the rows of a unitary matrix form an orthonormal set.

Show that the columns of a unitary matrix form an orthonormal set.

Show that the product of two unitary matrices is unitary.

Let U be a n x n unitary matrix. Show that for x,y € R?, yfx = (Uy)?(Ux).
Therefore unitary transforms preserve inner products. Conclude that unitary trans-
forms preserve 2-norms and angles of column vectors.

Show that [UAV|r = |A|F, if U and V are unitary transforms.
Show that [UAV|2 = |A|2, if U and V are unitary transforms.

Show that permutation matrices are orthogonal matrices.

H
A matrix of the form I — 275 is called a Householder transform, where v is a
non-zero column vector.

Show that a Householder transform is a Hermitian unitary matrix.

Consider the Householder transform H =1 — 2%. Show that Hv = —v. Show
that if x’v = 0, then Hx = x.

Explain why the Householder transform is called an elementary reflector.

Let x,y € R"™. Show, by construction, that there is a Householder transform H
such that Hx =y, if |x|2 = |y]2.
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Let x,y € C". Show that there is a Householder transform H such that Hx =y, iff

o xHx =yfy and

o xfy=ylx,

Let x,y € C", with |x]|2 = |y|2. Let ¢ = /—1. Show that there is a unitary
matrix of the form e’’H, where § € R, and H is a Householder transform, such that
e’Hx =y.

Elementary Gauss and Householder transforms are the main ingredients for the
algorithmic construction of matrix decompositions.



4.2 The Singular Value Decomposition

Or, the SVD, is the sledge-hammer that solves all problems in matrix analysis (or
something like that).

Exercise 179 Show that for A € C™*"

[Alo= sup  |y"Ax].
Ixla=1y l2=1

Exercise 180 Since the unit spheres for the 2-norm in C" and C™ are compact, and matrix
products are continuous functions, show that there exists x € C" and y € C"™ such
that |x[2 = |y|e = 1, and Ax = |A|2y.

SVD For every m X n matrix A there exist unitary matrices U and V and a matrix 79
Y € R™*" of the form

g1 0

= 0 o) ,

with o1 > 09 > -+ > O min( > 0, such that A = Uxvi,

m,n)

Proof. Let |x|2 =1 = |y|2 such that Ax = |A|2y. Let H; and Hs be two unitary
transforms such that Hix = e; and Hoy = ej, where e; denotes column ¢ of the
appropriate identity matrix. Now we claim that

i _ (IAl2 b
HQAHl — ( 0 C .

Exercise 181 Prove it.

Next we note that b = 0. To prove this first note that [HoAHI |5 = | A2 since H;
and Hy are unitary.

(5 2.
Co

But this would imply that |[HoAH{ |3 > |A|2 unless b = 0. Hence we have that

Exercise 182 Show that

2
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m_ (A2 0
H,AH! _( o)

Clearly we can take |A|2 = o7 in the proof. To finish we can proceed by induction.
Assuming that we have SVD’s for all matrices of size (m — 1) x (n — 1) and smaller,
let C = U;X; VI be the SVD of C. Then it is clear that

H
g mH(1 O |Al2 O 1 0
A =Hy (0 Ul)( o > /\o v, H; -

i -

g

U S Vi
Check that U and V in the above formula are unitary and that 3 has the desired
diagonal structure with real non-negative entries on the main diagonal.

For the base case of the induction it is sufficient to write down the SVD of an empty
(either rows or columns) matrix

A=101".
Check that this base case is sufficient.

The only thing left to check is that the diagonal entries in ¥ are in decreasing order.
The easy way out is to say that if they are not in decreasing order then we can
apply two permutation matrices from the left and right to correct the order and
note that permutations are unitary. But it is more informative to note instead that
ICll2 < [A]2.

This follows from the following more general fact.
Show that
= max ([|A]p, |Blp),

668,

for 1 < p < . O

The columns of U are called the left singular vectors of A, while the columns of
V are called the right singular vectors. The o; are called the singular values

of A.

Let

mxn



Show that |A[, = max)<i<min(m.n) @il for 1 < p < oo.

Exercise 187 Show that |A|2 = o1 and ||A||% = 0% 4+ 4 U?nin(m,n)’ where o; are the singular

values of A.
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4.3 Orthogonal Subspaces

Orthogonal Two subspaces U and W of F"* are said to be orthogonal to each other if every vector 80
subspaces in U is orthogonal to every vector in WW. This is denoted by U L W.

Exercise 188 Show that Y N W = {0} if U L W.

Orthogonal The orthogonal complement of the set U is the set of all vectors that are orthogonal 81
Complement to all vectors in Y. It is denoted as U~

Exercise 189 Show that ¢ L U™t

Exercise 190 Let U = (U; Usg) be an n X n unitary matrix. Show that
e The columns of Uy form an orthonormal basis for R(Uy)
o R(Up) =R(Uy)t
o (R(U)H)* =R(Uy)
e R(Upa@R(Upt=C"

Let the SVD of A be partitioned as follows

1 0

_ H _
A=UxVT = (U, U2)<O 0

)(Vl Vo),

where 31 € R"*" is a non-singular diagonal matrix. That is, 01 > 09 > --- > 0, > 0.
Exercise 191 Show that A = U121V{{.

This is sometimes called the economy SVD of A.
Exercise 192 Show that U; and Vi are full column-rank matrices (rank r).

The SVD gives a full description of the geometry of the four fundamental subspaces
associated with the matrix A.

Exercise 193 Show that
e AV, =03,
e AV, =0
o UIA=VI

e UlA=0
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e R(A)=R(Uj)
o R(AT)=TR(Vy)
o R(Vy)=N(A)
e R(Up) = N(AH)
e R(AH)=N(A)*

e R(A)T =N(AH)
e rank(A) = r, the number of non-zero singular values of A

Exercise 194 Let U denote a subspace of C". Construct an orthonormal basis for U from one of
its basis using the SVD.

Exercise 195 Let U be a subspace of C". Show that
. uJ_J_ =U
o UpU+=C"

Orthogonal The orthogonal projector onto the subspace U is defined to be a linear operator 82
Projector P, with the following properties

o N(Py)=U"+
e Pu=uforalluelf
Exercise 196 Show that orthogonal projectors are idempotent: Pj = Py.
Exercise 197 Show that Py is unique for a given U.
Exercise 198 Let U= (U; Uj) be a unitary matrix. Show that U U = Pru,)-
Exercise 199 Show that orthogonal projectors are Hermitian.

Exercise 200 Construct an idempotent matrix that is not an orthogonal projector. These are
called oblique projectors.

Exercise 201 Let P be a Hermitian idempotent matrix. Show that P = Prp).

Exercise 202 Let U be a subspace of C". Show that every x € C" has a unique decomposition of
the form x = u + w where u € & and w € Y+. Hint: u = Pyx.

Exercise 203 Show that

min |x — ufs = |x — Fyx|>.
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Exercise 207
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4.4 Minimum norm least-squares solution

The LU factorization solved completely the question of finding all solutions of the
system of equations Ax = b, where x is unknown. However there is something
unsatisfactory in that solution. Generically, skinny systems will almost surely have
no solutions, while fat systems will almost surely have infinitely many solutions.
Since both these cases are frequent in engineering a more informative approach is
necessary.

Let x1,g be such that

min |Ay — blz = |Axvs - bl

Show that Axpg = Pr(a)b, and hence unique. Give an example where xpg is not
unique.

Let
Xrs = {x: min |Ay — b|2 = |[Ax — b|2}.
yEeR™
A subset X of a vector space V is said to be affine linear if there exists a vector
v € V such that the set {x — v : x € X} is a subspace.
Show that Xigq is an affine linear set.
Show that there is a unique solution to

min |x — ufs,
ueX
where X is an affine linear set. Hint: Exercise 203.
Let
XMNLS = argminge x, ¢ [x|2-

Then xymnrs is called the minimum norm least squares solution of the system of
equations Ax = b.

Let A = UTEerl denote the economy SVD of A. Then
XMNLS = VTZT_lUfb.
Prove it.

Let
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Exercise 210
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(%0
== (4 1)

with Y, a non-singular diagonal matrix. Then we define the pseudo-inverse of X
(denoted by superscript ) as
-1
(%0
> ( : 0) .

More generally, if A = USV# is the SVD of A we then define AT = ViU,
The above definition may be ambiguous since the SVD of A is not unique.
Show that A = VTE;IUE, using the economy SVD of A.

Therefore xpnLg = Ab. This can be used to define the pseudoinverse uniquely.
Show that

o AAT = Ppa)

o ATA = Ppan

e AATA=A

o ATAAT=AT

Roger Penrose showed that the pseudo-inverse is the unique solution to these four
equations. However, we will take a different path.

A map A:V — W, between two vector spaces V and W over the field F is said to
be linear if A(ax + By) = aA(x) + BA(y) for all a, f € F and all x,y € V.

Let A :V — W be a linear map between two vector spaces. Let vy,---,v, be a
basis for V. Let wq,---,wy,, be a basis for WW. Define the mn unique numbers A;;
by the equation A(v;) = >, w;A;j. Then we call A the matrix representation of
A for the given bases.

Why is A unique?

Suppose # € V, and b € W, have the representations z = > "

=1 XjV; and b =
> bjw;, and A(xz) = b. Then show that Ax = b.

Let U, V and W be vector spaces over the field F. Let A: U/ -V and B:V — W
be two linear maps. Show that Bo A : U — VW is a linear map.
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If fixed bases are used for i/, ¥V and W, then show that BA is a matrix representation
for Bo A.

Show that A € C™*" is a one-to-one onto linear map from R(A) to R(A). Call
this map B : R(AH) — R(A).

Show that in the appropriate bases for R(A”) and R(A), ¥, is a matrix represen-
tation of B.

Define the map C' : C" — C™ as follows: C'(b) = B_l(PR(A)b). Show that AT is a
matrix representation of C'.

This shows that the pseudo-inverse is uniquely defined.

Why?



Problem

Problem

Problem

Problem

Problem

Problem

9

10

11

o1

4.5 Problems

The SVD usually costs about 10 times as much as an LU factorization. A good
substitute is the QR factorization.

Let A € C™*" with m > n. Show that there exists a unitary matrix Q such that

r-aff)

where R is upper triangular with non-negative diagonal entries. Hint: This is similar
to the construction of the SVD, but simpler.

Let A be a full column-rank matrix. Show that
AT=A"A) A" = (R 0)Q"
Let A € C"™*" with n > m. Show that there exists a unitary matrix Q such that
A=(L 0)Q
where L is lower triangular with non-negative diagonal entries

Let A be a full row-rank matrix. Show that

Al _ AT Hy—1 _ H(Ll)
_Afaaty - (B

Find the shortest distance between two infinite straight lines in R™.

Show that |A|r < y/rank(A)|A]s.
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5 Spectral Theory

In principle we have covered everything for solving systems of linear equations.
However, our techniques (meaning LU factorization) do not generalize (yet?) to
infinite-number of equations. A host of different techniques have been developed for
handling this case. Spectral methods are among the most powerful of these.

Examples of infinite number of equations include differential and difference equa-
tions, and it was in their analysis that spectral theory was first born.

5.1 Spectral Decompositions

In this section, unless mentioned otherwise, all matrices will be assumed to be square.
Show that dim(C"*") = n?.

We will assume that AY =T and that A*t! = AA* for k > 1. If A is invertible we
will define A=% = (A=1)* for k > 0.

Let p(x) = Zf:[:o anx". Define p(A) = 27]1\7:0 anA".

For this definition to be useful, we need to ensure that different ways of defining the

same polynomial yield the same value when evaluated at a matrix. For example, if
g and r are polynomials, we would like that q(A)r(A) = r(A)q(A) = (¢r)(A) for

all square matrices A.
Prove that it is so.
For every square matrix A there is a complex number A such that A — I is singular.

Proof.

For a given A € C" ", show that there exist n? + 1 complex numbers «;, for
0 < i < n?, not all zero, such that

n2 ]
Z OziAZ = 0.
1=0

2 .
Let p(z) = Y i, a;z’ be the corresponding polynomial. Let M > 1 be its degree.
(Why not 07). It is well known that p can be factored as
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M
i=0
for M complex numbers p; (possibly indistinct). It follows that
M

p(A) = [J(A = wl) = 0.

1=0
Make sure you understand why exactly this is true.

Since the product of two square non-singular matrices is non-singular (why?) it
follows that there exists some ¢ for which A — p;1 is singular. O

For every square matrix A there exists a unitary matrix Q and an upper-triangular
matrix R such that A = QRQ¥.

This is the computationally stable factorization in spectral theory, and hence of
great practical significance.

Proof. The proof is by induction. For 1 x 1 matrices the theorem is obviously true:
A = IAT?. Assume it is true for all matrices of size (n — 1) x (n — 1) or smaller.
Let A € C"". Let X be a complex number such that A — AI is singular. Let
v € N(A — AI) be of unit length: |v|2 = 1. Choose a unitary transform H such
that Hv = e; (where e; denotes column i of the identity matrix). Then it is easy

to see that
g_ () b
- (3 %)

Prove it.

By the inductive assumption C = Q1R; Q{I , where Q1 is unitary and Ry is upper
triangular. It follows that

1 0\ /A bHQl)(l o)H
A =HH H
. (0 Ql)\(o R,y A 0 Q J’

Q R QX

Prove it. [l

In general the diagonal entries of R are arbitrary complex numbers. However, we
can impose some order on them that is of significance.

Suppose A = VBV ™!, Show that trace(A) = trace(B).
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Lemma 3 Let

R:(? g).
There exists a unitary matrix Q such that
QRQ" = <A02 fl ) .
Proof. There is nothing to prove if A\; = A3. So we consider the case \; # Aa.
Choose v such that Rv = A\gv and |v|2 = 1.
Exercise 225 Find v explicitly.
Choose a unitary transform H such that Hv = e;.
Exercise 226 Find H explicitly.
Then we can choose Q = H.
Exercise 227 Prove it. ]

Strictly up- A strictly upper triangular matrix is an upper triangular matrix with zero entries 90
per triangular on the diagonal.

Lemma 4 For every square matrix A there is an unitary matrix Q such that A = QRQ

with
Ri1 Ri2 -+ Ry
: g Ryr—1,m
0 --- 0 Ryuy

where R;; = )\iI+I~{ii with f{“ being a strictly upper triangular matrix, and \; # A;
for 7 # j.

Proof. The proof follows from a simple observation. Suppose two adjacent diagonal
entries in the matrix R from the Schur decomposition are distinct

o4
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Exercise 229

Lemma 5
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0

Then we can find a unitary transform H such that

*

0

HRH =

0

where * denotes elements that are not pertinent to the argument.

Prove this using Lemma 3.

The rest of the proof follows now by using this observation repeatedly in a bubble-
sort like operation to move the diagonal entries of R into the right positions.

Provide the details.

This extended version of the Schur decomposition is usually refined even further to
facilitate theoretical arguments. In particular we would like to make R as diagonal
as possible. Unfortunately, just using a single unitary transformation, the Schur
decomposition is the best we can do.

Let

*
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Exercise 231

Exercise 232

Block diagonal

Lemma 6

Exercise 233

Jordan block

o6

where R; = NI + strictly upper triangular matrix, and Ay # A2. Then there exists
a non-singular matrix V such that

(R 0\
R_V<O R2>V .

Proof.
Show that there exists a unique solution X, to the system of equations
RiX-XR2+B=0.

Show that there exists a unique solution X to the equation

(o ) (0 w) (o 1) (3 &)

Finish the proof of the lemma. 0
We will use the following notation for block diagonal matrices 91
R, 0 --- O
. 0 R
diag{R;}j_; = [ | 2
: . .0
0 - 0 R,

For every square matrix A there exists a non-singular matrix V such that
VAV = diag{R;}}Z,,
where R; = N1 + ﬁi, f{Z are strictly upper triangular matrices, and \; # A; for
i # 7.
Proof. Use Lemma 5 repeatedly.

Fill in the details of the proof. 0

The question is can we pick the non-singular matrix V in the above lemma so as
to make R; a true diagonal matrix? The answer, unfortunately, is no. However,
we can come pretty close: we can make it a bi-diagonal matrix with only zeros and
ones on the super-diagonal.

A Jordan block is a matrix of the form AI,, + Z,,, where Z,, is the n x n shift up 92
matrix



Nilpotent

Exercise

234

Jordan de-
composition

Exercise

Exercise

Exercise

Exercise

Exercise

235

236

237

238

239

o7

: o1
0 -+ v .o 0

nxn
A matrix A is said to be nilpotent is there is a finite integer k& for which A* = 0.
Show that Z]' = 0, and hence nilpotent.

Let R be a nilpotent matrix. Then there exists a non-singular matrix V such that

R=V (diag{Zni }?ﬁl) VL,

Proof. Let p be the smallest integer such that RP = 0. If p = 1 we are done.
(Why?) So assume p > 1. Clearly there exists a w such that R?~'w # 0. Form the
right Jordan chain

w, Rw, R?w, ---, RP"'w,

and stick them into the matrix

W= (R 'w RPF2w -.- Rw w).
Show that
RW = WZ,. (5.1)
We claim that W has full column-rank. To see this consider Wx = 0.

Multiplying this equation by RP~! we get RP"'Wx = 0. From this equation infer
that x, = 0.

Next multiply by R”~2 to obtain RP72Wx = 0 and infer that xp—1 = 0.
Proceed to establish that x = 0 and hence that W has full column-rank.

Next we construct the matching left Jordan chain. To do so we first find a vector
y such that

yH W = e{{ ,
where e; is column ¢ of the identity matrix.

Why is this possible?
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Exercise 241

Exercise 242

Exercise 243

Exercise 244
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Now form the left Jordan chain
v, y'R, - yTRP,

and stick them into the matrix

yH ]_::{p—l
Show that
YW =1
This also establishes that Y has full column-rank.
Why? Another way is to imitate the corresponding proof for W.
Show that
YR =27,YH. (5.2)

Next we find a non-singular matrix G such that

EETEA | v (1
GW_(O and GY—O.

There are many ways to construct G. We do it in two stages.

Use the SVD of W to find a non-singular matrix F such that

e (1)

Hint: Make a small modification to the construction of WT (which is not invertible),
or use the LU factorization of W.

Since YAFF~'W =1, it follows that
YAF = (1 Y¥).
Prove it.

Now observe that block Gaussian elimination

() ()0



provides the necessary correction and we obtain

_p(t Y
ar () Y1)

Exercise 245 Verify that this G does indeed satisfy all the desired properties.
Using this G we convert Equations 5.1 and 5.2 into
I Z
(G'RG) =7
0 0
(I 0)(G'RG)=(Z, 0).
Exercise 246 Verify these formulas.

From this we can verify that GT'RG is a 2 x 2 block diagonal matrix, with the
(1,1)-block being Z,. Now we can proceed by induction to handle the 2 x 2 block.

Exercise 247 Complete the proof. O

To summarize the final Jordan decomposition theorem says that for every square
matrix A there exists a non-singular matrix V such that V"' AV is a block diagonal
matrix where each block is of the form

M + diag{Z,,}M,,

where A\, n; and M can vary from block to block.
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5.2 Invariant subspaces

Jordan chains made a magical appearance in the proof. A good way to see how they
arise is to consider the uniqueness of the decomposition.

Eigenvalue A complex number A such that A — Al is singular is called an eigenvalue of A.

Eigenvector A non-zero column vector v is said to be an eigenvector associated with the eigen-
value A\ of the matrix A if Av = A\v.

Invariant A subspace V is said to be an invariant subspace of the matrix A if for every v € ¥V
subspace we have Av € V.

Similarity A matrix A is said to be similar to a matrix B if there exists a non-singular matrix
transformation V such that A = VBV ™!, We also say that A and B are related by a similarity
transformation.

Exercise 248 Show that if A is an eigenvalue of A then it is also an eigenvalue of VAV ™1,

Exercise 249 Show that A is an eigenvalue of the upper triangular matrix R iff A is one of the
diagonal entries of R.

Lemma 7 The eigenvalues of a matrix A are exactly the numbers that arise on the diagonal
of the upper-triangular matrix R in the Schur decomposition of A.

Exercise 250 Show that the trace of two similar matrices are equal.

Example 4 Consider the matrix

R =

o O =
O = W
DN Tt

It is clear that the eigenvalues can only be the numbers 1 and 2.

But is the above matrix similar to

S:

o O =

SN W

N Ot &~
~

Exercise 251 Show that the two matrices defined above, R and S, are not similar to each other.

This raises the question of uniqueness of the eigenvalues. It is clear that the distinct
numbers that comprise the eigenvalues of a matrix are unique. (Why?) But, what is
not clear is if their multiplicities as they occur on the diagonal of the upper-triangular
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matrix in the Schur decomposition are unique. The above example seems to suggest
that they must be unique, and we will proceed to establish it. The idea is to show
that the multiplicity of an eigenvalue has a unique geometrical interpretation. We
will actually show much more. We will show that the number and size of the Jordan
blocks associated with the unique eigenvalue A are also unique.

For the rest of this section let A = VIV ™! denote a Jordan decomposition of the
matrix A. Furthermore let \; for ¢ = 1,... N, denote the distinct eigenvalues

of A. Note that the \;’s are unique by our previous arguments. It is clear that
dim(N (A — \I)) = M;, is a well-defined positive number.

Show that M;.; denotes the number of Jordan blocks of size greater than or equal to
one with eigenvalue \;. Hint: J is upper triangular and J — A\;I has some nilpotent
diagonal blocks, which are the only ones that matter in this calculation.

It follows that the number of Jordan blocks associated with the eigenvalue A is a
unique fixed number. Note, this does not imply (right now) that the multiplicity of
A is unique.

Now define M;.2 = dim(N (A — AI)2). Again, M;.2 is a well-defined unique positive
number.

Show that (A — \I) € N(A — \1)? and hence M;.p > M;.1.

Show that M;.2 — M;.1 is the number of Jordan blocks associated with the eigenvalue
A; that are of size greater than or equal to two. To do this compute a basis for
N(J — \I) and a basis for N'(J — \,I)2. Note that a basis for the latter subspace
can be obtained by extending the basis for for the former subspace with a few well-
chosen vectors that are associated with the null-vectors of Jordan blocks of size
greater than 1.

Conclude that the number of Jordan blocks of size 1 associated with the eigenvalue
A; is exactly 2M;.1 — M;.2, which is a unique well-defined non-negative number.

We now rinse and repeat to show that the blocks of bigger sizes must also be unique.
Let Mi;g = dim(N(A — )\iI)g).

Show that M;.3 — M;.2 is the number of Jordan blocks of size greater than or equal
to 3 that are associated with the eigenvalue \;.

Clearly we can keep this up and prove that the number and size of each Jordan
block is unique and well-defined for a given matrix.

Make sure that you understand clearly what is going on.
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This only leaves the question of the uniqueness of matrix V in the Jordan decom-
position. Unfortunately the matrix is not fully unique. For example, the position of
the Jordan blocks inside J is not unique, thereby implying that the matrix V itself
is not unique. However, the columns of V and the rows of V! describe (are bases
for) certain invariant subspaces of A, and these invariant subspaces are unique. The
previous proof illustrates this point and we say no more about it.
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5.3 Difference Equations

So what can we do with spectral decompositions that we could not do with the
SVD? We have already seen examples, like the Stein equation, which can be more
efficiently solved via spectral decompositions. However the classical examples are
infinite sets of equations where spectral decompositions (for now at least) are the
only way.

Let uln] € CcN forn = 0,1, 2,..., be a sequence of unknown column vectors that
satisfy the constraints

uln + 1] = Auln] + f[n], (5.3)

where A € CM*¥ and f[n] € CV and are both known quantities. The question is
to find all sequences u[n] that satisfy the above constraints.

Write the above set of equations in the form Fx = b.

Note that there are an infinite number of unknowns and equations. So, even though
the constraints are linear equations it is not easy to develop a procedure like Gaussian
elimination to find the solutions. Fortunately it turns out that a spectral decompo-
sition of A is sufficient.

The idea is to first figure out the nullspace of the associated matrix. Consider the
so-called homogenous equations

upn + 1] = Auy[n|, n > 0.
It is clear that the only solutions are of the form
up[n] = A™uy[0].

From this we can guess that a solution of the equations is

n

up[n + 1] = Z A"RER],
k=0

assuming u,[0] = 0.
Verify that u, does indeed satisfy the difference equation 5.3.
Therefore the general solution is

ufn] = A™u[0] + A0 + A" 4+ - -+ A% [n — 1).

Verify this.
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This formula is a bit cumbersome to use. A simplification is available via the Jordan
decomposition A = VJV~L,

Show that A” = VJ*V—L

Remember that J is block diagonal with each diagonal block of the form AI + Z,,.
Therefore we only need to figure out a formula for (A 4+ Z,)". (Why?)

Prove the binomial theorem
" /n
(a+b)" = (k) akpnk
k=0
for a,b € C.

Show that if AB = BA then

(A+B)" = i (Z) AkBn—t,

k=0

Show that (A4 Z,)" is an upper triangular matrix with

n!

n—k
(n — k:)!k!A

as the entry in the k-th super-diagonal. So A" is the entry on the main diagonal,
for example.

Using the Jordan decomposition develop a simple formula for V~1u[n], the solution
of the difference equation in terms of V~If.
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5.4 Matrix-valued functions

We now define differentiation and integration of matrix-valued functions. Let A :
C — C™*™, denote a matrix-valued function of a single complex variable. This is
usually denoted as A(z). We define %A(z) to be an m x n matrix whose (i, j)
entry is the derivative of the (i,7) entry of A(z). In other words we define differ-
entiation component-wise. Sometimes we will use a super-script prime to denote
differentiation: A’(z).

In a similar manner we define [, A(z)dz to be an m x n matrix with the (i, )
component being the corresponding integral of the (4, j) component of A(z). Note
that both differentiation and integration are defined here for matrices of arbitrary
size of a single (potentially complex) variable.

Show that
d d d
3 (A +B(#) = ZA{) + £ B(),
SAOB0) = (5A0) B+ ALBO.
Show that
d  _ _ d _
GAT 0 =-a 0 (GA0) A0
Hint: AA~!' =1.
Show that

/AB(t)Cdt _ A/B(t) dt C,
when A and C are constant matrices.

A matrix-valued function A(t) is said to be continuous function of ¢ if each com-
ponent A;;(t) is a continuous function of ¢. Suitable changes should be made for
“continuous at a point” and “continuous on a set”.

Let A(t) be a continuously differentiable matrix-valued function on [0, 1]. Show that
'd
/ —A(t)dt = A(1) — A(0).
T

Let A(t) be a continuous matrix-valued function on the interval [0, 1]. Show that
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/01 A®) dtH < /01 IA®)] dt.

Hint: Use Riemann sums to approximate both sides and use the triangle inequality
satisfied by norms.
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5.5 Functions of matrices

While it is possible to give more examples of infinite sets of equations whose solution
is made accessible via spectral decompositions, we will take a more general point of
view in this section.

In Section 5.3 we saw the need to understand the internal structure of sums of
powers of matrices. In this section we place that in a larger context. Given an
analytic function (like z™) how to evaluate that function at a given matrix A?

First we need some additional facts from complex analysis. See Section 3.6 for some
preliminary facts. Once more, for the next three exercises, engineering proofs are
good enough. Anything better requires substantially more machinery.

Extend Exercise 141 to show that if I' C €2 is some simple (not self-intersecting)
smooth closed curve in the open set €2 in the complex plane, and f is analytic in
then [i. f(z)dz = 0. Hint: Use the fact that f(z) = F’(z) for some suitable analytic
function F'. Can you suggest a candidate for F'7

Extend Cauchy’s formula (Exercise 142) to the case where the contour of integration
I' C © is not necessarily a circle, but just a simple smooth closed curve:

fla) = . Mdz.

2me Jr z —a

Hint: Starting with the circle deform it to the desired curve in pieces using the
previous exercise.

Show that
d” n! f(2)
Sty = = L g,
da"f(a) 2mL /F (2 —a)ntl ‘

Let A be a square matrix. Let f be an analytic function in the open set . Let I’
be a smooth closed curve in €2. Suppose all the eigenvalues of A lie inside the open
set bounded by I'. Then we define

1(8) = 5 [ 11— A)a

Implicit in this definition is that the integral is well-defined and that the choice of
the curve I' is immaterial as long as it is simple, lies inside €2 and encloses in its
strict interior all the eigenvalues of A.

Let A = VIV~! denote the Jordan decomposition of A. Show that
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VA = o [T -9 e

Therefore it is enough to verify these assertions when A is a simple Jordan block.
(Why?)

Let J,(\) = AL+ Z,,.

Show that
1 1 1

which is an upper-triangular Toeplitz matrix.

Show that

2m/f LB~ |

This clearly shows the independence of the definition of f(A) on the curve I'.

The Cauchy integral formula has a certain advantage for defining functions of ma-
trices: it is global. However Taylor series work better sometimes.

Let f(z) =Y .2 gcn(z —¢)" for |z — ¢| < R. Let all the eigenvalues of A lie inside
the circle Q = |z — ¢/ < R. Let I" denote a simple closed curve inside . Then for
any a inside the interior of I' it is clear that

(o.9]

f(a):ch(a—c 2m/f (z—a)"tdz.

n=0

This suggests that f(A) =>">7 (A — cI)” should be true.

(n)
Show that f(z) =", ! n!(c) (z—c)", where (™ denotes the n-th order derivative
of f.

Let A = VIV~ denote the Jordan decomposition of A. Show that Y o7 ¢, (A —
)" =V yen(J —c)) VL

Therefore it is sufficient to check if the Taylor series can be used to evaluate f(A)
when all the eigenvalues of A lie inside the circle of convergence.
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Show that

This show that the Taylor series expansion can be used to evaluate f(A) but only
when the eigenvalues lie inside the circle of convergence.

Let f(z) = /z. Unfortunately /z is multi-valued and we must specify a branch to
use. Let z = re'? denote the polar decomposition of the complex number z with
—7m < # < m. Pick the branch for the square-root such that f(re¥) = Jret’2:
that is, f(z) lies in the right-half plane. Note that f(z) is discontinuous across the
negative real line. Therefore the negative real line is called the branch cut for f(z).

Let
1 0
A_(O _1).

Note that the eigenvalues of A are 1 and —1. Clearly the eigenvalues of A do not
lie in an open set 2 in which f(z) is analytic. Therefore neither Cauchy’s formula
nor Taylor series expansions can be used to evaluate f(A) in this case. However, if
we just want to solve the equation B? = A, then it is easy to write down several

solutions
_(A@) 0
B= ( 0 f2(—1)> ’

where f1 and fy can be two different branches of the square root function. This
corresponds to picking the branch cut in such a way as to avoid all the eigenvalues
of A and allowing them to lie in a single connected open region.

Entire functions, functions that are analytic in the entire complex plane, do not
suffer from this problem. Both Cauchy’s formula and Taylor series expansions will
always work. The most common examples of entire functions are the exponential,
sine and cosine.

Another example of a multi-valued function is the logarithm. Again, depending on
the location of the eigenvalues either Taylor series (less often), or Cauchy’s integral
formula (more often), can be used. If both fail to be applicable then the branch cut
must be adjusted suitably.
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5.6 Differential equations

Let u(t) be a vector-valued function of the real variable ¢. Our objective is to find
u(t) that satisfies the differential equation

d
éu(t) = Au(t) + b(t), t>0, (5.4)
where A is a constant matrix and b(t) is a known vector-valued function.

First some auxiliary facts.

Suppose tA has all its eigenvalues inside €2 where f is analytic. Show that

d

5 (tA) = f/(tA)A = Af'(tA).

The proof is quite easy if you use a Taylor series expansion, but not general enough.
In general you have to use Cauchy’s formula and the fact that since the integral is

absolutely converging you can differentiate inside the integral.

We first look at the homogenous equation

d
_ = A .
S = A1), t>0

Verify that a solution is uy,(t) = e*4uy,(0).

With a little effort one can establish that this is the only solution. One approach is
to use the Jordan decomposition to reduce the problem to a set of single variable
ODEs and appeal to the scalar theory. Here we take an approach via Picard iteration
that also generalizes to non-constant coefficient ODEs.

Let [0, 7] be the interval over which a solution to the ODE
d

guu(t) = Auy(1), u,(0) =0,

exists. If we can show that u,(¢) = 0 then we would have established uniqueness.
(Why?). Since the derivative of u,, exists, it must be continuous. Let |u, ()| < L <
oo for t € [0,T7].

Show that
t
uu(t):/ Au,(s)ds.
0

Show that



Juu(t)] < t]A[L.
Hint: See Exercise 270.

Exercise 283 Repeat the above argument and show that

A"

()] < =

L, n>1.

Exercise 284 Conclude that u,(t) = 0 for ¢ € [0, 7.

Now that we have uniqueness, we can look at the form of the homogenous solution
and guess that a particular solution of the differential equation is

¢
up(t):/ =) Ab(s)ds,
0

assuming that u,(0) = 0.

Exercise 285 Show that e(l+9)A = olApsA — osALA - GQince the exponential is an entire function
an easy proof is via a Taylor series expansion for the exponential function.

Exercise 286 Show that ¢® = I.
Exercise 287 Show that e=® = (eA)~L.
Exercise 288 Verify that uy(t) is indeed a solution of equation 5.4.

Therefore the general solution to equation 5.4 is

u(t) = /0 t =) Ab(s)ds + e u(0).
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5.7 Localization of eigenvalues

One of the most important questions is how does f(A) change when we perturb A.
We already considered this question when f(z) = z~! in Section 3.7. An obvious
idea is to use the Jordan decomposition to help make this estimate. For example

[F(A)] = [F(VIVTHL < IVIIVTHIAIDI.

But this upper bound can be wildly inaccurate if k(V) = |[V||V~!] is very large.
However, better general-purpose estimates are hard to come by. So one approach is
to look for special classes of matrices for which (V) is small in a suitable norm.

Let x2(V) = | V|2|V~!|2 denote the 2-norm condition number of the matrix V.

Show that ko(V) > 1. Hint: Use the SVD.

Show that if V is a unitary matrix then xo(V) = 1.

A matrix A is said to be normal if AA” = AHA. 100

Show that unitary and orthogonal matrices are normal.

A matrix A is said to be 101
e symmetric if AT = A

e skew-symmetric if AT = —A

e Hermitian if A = A

e skew-Hermitian if A# = —A

Show that Hermitian and skew-Hermitian matrices are normal.

Show that every matrix can be written uniquely as the sum of a Hermitian and a
skew-Hermitian matrix. Hint:
A+AH A AF

A=
2 * 2

Let A be normal. Then there exists a unitary matrix Q and a diagonal matrix A
such that A = QAQH.

In other words for normal matrices the Schur decomposition is also the Jordan
decomposition with each Jordan block being of size one. Furthermore there is a full
set of orthonormal eigenvectors.
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Proof. The proof follows from the following fact.
If R is an upper triangular normal matrix then it is diagonal.

Prove the lemma. Hint: Write R as a 2 x 2 block matrix and solve the four resulting
equations.

Prove the theorem. O

It follows that for normal matrices |f(A)| = |f(A)|, where the diagonal entries
of A are the eigenvalues of A. Therefore it becomes essential to locate, at least
approximately, the eigenvalues of A in the complex plane.

Let A be normal with Schur decomposition A = QAQY. Consider the expression
(QHAQ)H and use it to prove the next three exercises.

Show that the eigenvalues of a unitary matrix must lie on the unit circle.
Show that the eigenvalues of a Hermitian matrix must be real.
Show that the eigenvalues of a skew-Hermitian matrix must be purely imaginary.

Show that the eigenvectors of a normal matrix corresponding to distinct eigenvalues
must be mutually orthogonal. Hint: Use the Schur decomposition.

Write down a family of normal matrices that is neither unitary nor Hermitian nor
skew-Hermitian. Hint: Use the Schur decomposition.

Show that eskew-Hermitian — ypitary,
Show that etHermitian — ypitary,

Let A be a square real matrix. Suppose A is an eigenvalue of A with a non-zero
imaginary part.

e Show that the corresponding eigenvector v, must have real and imaginary parts
that are linearly independent when considered as real vectors..

e Show that A must also be an eigenvalue of A.
e Show that an eigenvector for A can be constructed from v.

Show that a real orthogonal matrix with an odd number of rows and columns must
have either 1 or —1 as one of its eigenvalues.
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5.8 Real symmetric matrices
Real symmetric matrices play the role of real numbers in matrix analysis.

Let A = AR + tAj denote the real and imaginary parts of the m x n matrix A.

Show that
_( Ar  Ag
)= (A A1),
is a faithful representation of the complex matrix A as a real matrix of twice the

size, in the sense that for all complex matrices A and B

o T(aA)=aT(A)

e T(AB)=T(A)T'(B)

whenever the operations are well-defined.
Show that

e T'(unitary) = orthogonal

e T'(Hermitian) = symmetric

o T'(skew-Hermitian) = skew-symmetric

Let A be a real symmetric matrix. Then there exists a real orthogonal matrix Q
and a real diagonal matrix A such that A = QAQ” and Nii > N1

Proof. Just repeat the proof of the Schur decomposition and observe that you can
use orthogonal transforms instead of unitary transforms since the eigenvalues are
known to be real. Also, symmetry will help to directly produce a diagonal rather
than upper-triangular matrix.

Work out a detailed proof. 0
From now on we will use the notation A;; = A\; for convenience.

Let A be a real m x n matrix. Show that

|Al2 = max 1azl> _ m HAX“2-
04zeC" |z]|2  0#£xeR" |x|2
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Hint: Exercise 185 might be useful.

Redo the proof of the SVD and show that if A is a real (possibly non-square) matrix,
then there exist real orthogonal matrices U and V such that A = USVT, with ¥
having non-zero entries only on its principal diagonal, and ¥;; > ¥;11,41 > 0.

Let A be a real symmetric matrix.

o Let A = QAQT be its Schur decomposition. Show how to use it to write down
the SVD of A.

o Let A =TUXVT beits SVD. Is it always possible to infer the Schur decomposition
directly from the SVD? Hint:
-1 0
0o 1)/)°

Let A be a m xn matrix. Use the SVD of A to write down the Schur decomposition
of AHA and AAH. You cannot use these formulas to directly infer the SVD of A
from the Schur decompositions of AZA and AAH. Why?

Let A be an n x n real symmetric matrix with eigenvalues \;. Show that for real

x #0

Hint: Use the Schur decomposition to convert the Rayleigh quotient (the frac-
tional middle term above) into the form

y' Ay

yly

Let A be a real n x n symmetric matrix with eigenvalues ); in decreasing order
Ai > Ai+1. Then

- xTAx
Ap = max min —r—.
dim(U)=k 0#xeld X X

Proof.
Use Exercise 312 to prove the theorem for k =1 and k& = n.

Now fix k£ to be a number between 1 and n. Let q; denote column ¢ of the matrix
Q from the Schur decomposition of A = QAQ’. First pick U = span{qy,---,qs}.

Show that for this choice of U
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- xTAx
min ——— = \j.
0#xeld X'X

Hint: Note that Aq; = \;q;. Then look at Exercise 312.
It follows that

> \p.

- xTAx
max  min T
dim(U)=k 0#xcld X' X

Next let U be any subspace of R™ of dimension k. Consider the subspace V =
span{qx,...,q,}. Since dim(U) = k and dim(V) = n — k + 1, it follows that
Uunvy #{0}.

Show that dim(U NV) > 1.
Pick a non-zero z € U NV. It can be represented as z = Y ., «;q;.

Show that
7zl Az

zl'z

< .

Hint: Use Exercise 312.

From this it follows that for any k-dimensional subspace U of R"
. xTAx
min
0#£xeld xI'x

< .

Therefore it follows that

o xTAx
max min T
dim(U)=k 0£xeld X° X

< Ak

Therefore the theorem is true. O

Show that

) xT Ax
A = min max —-—.
dim(U)=n—k+10#£xeld X X

Hint: Consider —A.

We can now derive a perturbation result for the eigenvalues of real symmetric ma-
trices.
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Cauchy Inter-
lacing Theorem

7

Let A and E be real symmetric n x n matrices. Let \;(A) denote the eigenvalues
of A in decreasing order. Then

MNi(A)+ M (E) < NA+E) < N(A)+ M (E).

This shows that the eigenvalues of real symmetric matrices depend continuously
on the matrix entries as long as the change leaves the matrix real and symmetric.
Furthermore it shows that the eigenvalues of a real symmetric matrix are well-
conditioned with respect to absolute perturbations.

Proof. Let A = QAQT denote the Schur decomposition of A with eigenvalues in
decreasing order. Let q; denote column i of Q and let Uy, = span{qy,...,qn}.

Using the min-max version of the Courant-Fischer theorem in Exercise 317 to es-
tablish that
T T
x' Ax x' Ex
M(A+E) < max —s— + max —m—.
0#xel, X'x  0#xel, x'x

From this infer that

M(A+E) < A\ (A) + M (E).
From this infer that

Ae(A +E) > Ap(A) + A (E)

Hint: You can use the previous inequality with A — A + E and E — —E, or you
can repeat the earlier argument with the max-min version of the Courant-Fischer
theorem. n

Show that |A |2 = max{|A1(A)],|\n(A)|}, when A is a real n x n symmetric matrix,
with eigenvalues in decreasing order.

Show that |A\;(A +E) — X\;(A)| < |E|2, when A and E are real symmetric matrices
with eigenvalues in decreasing order.

Next we consider perturbations that can change the size of the matrix.

Let A be a real n x n symmetric matrix partitioned as follows

B c
a=(a5)
where ¢ is a real number. Then
An(A) < Ap1(B) <o < A(B) < Ak(A) < A1 (B) <--- < A(B) < M (A),
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Proof. Let B = QAQ” denotes the Schur decomposition of B with eigenvalues in
decreasing order. Let q; denote column 7 of Q. Define the range space

_ qk-1 -+ dn-1
U, =R < 0 o 0 ) .
Note that there are only n — 1 columns in Q.

Exercise 323 Using the min-max version of the Courant-Fischer theorem show that

xT' Ax
M(A) <
K(A) < nggjk xT'x

= A\g-1(B).

Exercise 324 Either apply the previous inequality to —A and establish that
Ak(B) < Ak(A),

or repeat the argument with the max-min version of the Courant-Fischer theorem. [J
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5.9 Cholesky factorization

While the Schur decomposition reveals a lot about symmetric matrices, it is hard
to compute since in general there are no closed-form formulas.

A matrix A is said to be positive semi-definite if x" Ax > 0 for all x.

Show that if a matrix is Hermitian positive semi-definite then the diagonal entries
are non-negative.

A matrix B is said to be a principal sub-matrix of the matrix A if there exists a

permutation P such that
A=P (B *) p7.
x ok

Show that every principal sub-matrix of a positive semi-definite matrix is positive
semi-definite.

Show that the eigenvalues of a Hermitian positive semi-definite matrix are non-
negative.

Show that AAY is a Hermitian positive semi-definite matrix.

Show that every Hermitian positive semi-definite matrix can be written in the form
AAH for some suitable A. Hint: Use the Schur decomposition.

A matrix A is said to be positive definite if x Ax > 0 for all x # 0.

Repeat the previous exercises with suitable modifications for Hermitian positive
definite matrices.

Let A be a Hermitian positive definite matrix. Then there exists a non-singular
lower-triangular matrix G with positive diagonal entries such that A = GG,

Proof. The proof is a repetition of the LU factorization proof, except that it does
not require the use of permutations.

Furnish the proof. O
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5.10 Problems

Let A be a real (possibly non-square) matrix. Let
0 Al
B-(y %)

Show that B is a real symmetric matrix. Show that the Schur decomposition of B
can be written in terms of the SVD of A. Hint: You can find a permutation II such

that
0 T\ ¢
H(E O)H,

is a block diagonal matrix with each block of size 2 x 2 at most.

Let A and E be real (possibly non-square) matrices. Let 0;(A) denote the singular
values of A in decreasing order. Show that

0i(A + E) — 0i(A)] < [E2.

Let o; denote the singular values of A. Show that o is the 2-norm distance of A
to the nearest rank-£ matrix.

Let A be an m x n real matrix partitioned as follows

A= (B).

where ¢ is a real column vector. Show that

< op(B) <op(A) <op1(B) < <01(B) < a1(A)
where 0;(A) denotes the singular values of A in decreasing order.

Use the real and imaginary parts of the SVD of A, to write down the real SVD of
the real matrix T'(A), where T is defined in Exercise 305.

Wielandt—Hoffman. This problem is quite challenging. Let A and B be n x n
normal matrices. Let \;(A) denote the eigenvalues of A. Show that

n

i (A) = \n(B)? < |A —BJ|2.
UEPerrrnn}JItlations;p\z(A) /\U(l)(B” _"A B”F

Show that

min_|AX ~ 1| = |[AAT — I|p.
Xecnxm



Kronecker prod-

Exercise

Exercise
Exercise

Exercise

uct

332

81

6 Tensor Algebra

In this chapter we consider the case when both entries in A and x must be considered
as variables in the expression Ax. In general more terms could be involved in the
product; so we are concerned with multi-linear analysis.

6.1 Kronecker product

Again we prefer to introduce Kronecker products of matrices as a direct concrete
realization of tensor products.

Let A and B be two matrices. We define the tensor or Kronecker product as follows

AoB=| AaaB Ax»B

Show that if x and y are column vectors then
xyH :X®yH :yH®X.
Give an example where A ® B # B® A.
Show that there are permutations P and Py such that A ® B =P (B ® A)Ps.
Show that
e (tA)®B=0a(A®B)=A® (aB).
e (A+B)eC=A®C+BxC.
e AwB+C)=A®B+A®C.
e (A®B)eC=A®(BxC)
e (A®B)(C®D)=(AC)® (BD)
o (A®B) =AH B
o I®I=I
e (A®B) '=A"1eB!

e Hermitian ® Hermitian = Hermitian
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e Unitary ® Unitary = Unitary

e Hermitian ® Skew-Hermitian = Skew-Hermitian

e Skew-Hermitian ® Skew-Hermitian = Hermitian

e Upper-triangular ® Upper-triangular = Upper-triangular
o LAM)®B(t) =42A)®@B(t)+A(t) ® £B(t)

Let A = USVH and B = XAY# be SVDs. Show that the SVD of A @ B is given
by

(UeX)(ZeA)(VeY)H.
Show that rank(A ® B) = rank(A)rank(B).
Let A = VIV~! and B= WGW! denote Jordan decompositions. Show that
AB=(VaW)JeG)(VoaWw) L

Conclude that A\;(A ® B) = A\-(A)\s(B). Note that this is not a Jordan decompo-

sition.

Let A be an m x m matrix and B be an n x n matrix. Show that
e trace(A ® B) = trace(A) trace(B).

e A®IL)I,®B)=A®B=(1,9B)(A®I,).

Show that

diag{A;};, ® diag{B,}j., = diag{diag{A; ® B;}j. };;.
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6.2 Tensor Product Spaces

At this point it is a good idea to look at the vector space structure of tensor products.
We will avoid an abstract approach (since I don’t want to define dual spaces).

Let F% denote vector spaces for positive integers i1, i2, ..., in. We define the tensor
product of these vector spaces via the formula

®?:1Fij —F1QF?2g. ... F" = span{®j_;x; [ x; € Fi5, j=1,...,n}.

Remember that span only allows finite linear combinations of its elements. There-
fore an arbitrary element of ®;F" can be written in the form 22:1 o Qg Xy,

where x,; € ',
Show that ®;.’:1IFZJ is a sub-space of IE‘HJ:“J, where H?lej = Q10 ip.

Actually ®?:1Fij = F=1%, We will prove this by constructing a suitable basis.
However, to keep the notation simple we will concentrate on the important case
when i; = m for all j. In this case we will use the notation ®"F™.

Show that if ®;x; = 0 then at least one of x; = 0.

Show that there is a vector in ®2R? that is not of the form x®y. Hint: (1 1 1 0)7.

At this point it is useful to introduce some notation about multi-indices. Let 7
denote the n-tuple (1,142, ...,7,) where 1 <i; < m. We will then use the notation

RierXi = Qj_1Xi;-
We will assume that n-tuples Z are ordered lexicographically; that is,
(11,42, -y in) < (J1,J2,- - Jn);
ift ip =g for k=1,...,0, and ;41 < Ji+1.

Let e; denote column ¢ of the identity matrix. The length of e; will be apparent from
the context. Note that multiple occurences of e; in the same formula can denote
column vectors of different lengths.

It is easy to check that the m™ vectors
Xicz€i = €T,
form an orthonormal basis for @"F"™.

Check this claim.
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Write down a basis for ®§?:1Fij from bases for F%.

We are now ready to compute the Jordan decomposition of the tensor product of
two nilpotent matrices.

Show that the smallest integer k for which (Z, ® Zq)k =0, is k = min(p, q¢). Hint:
(Zp® Zg)" = Z0 @ 7.

From now on without loss of generality we will assume p < q.
Show that if v.€ N(A) then v w € N(A ® B).

Show that Z;_ler # 0, while Zje, = 0. Hint: Zye; = €;_1.
Therefore {dep}i;é forms a right Jordan chain of length p for Z,.

Show that {(Z, ® Z,)*(e, ® er)}i;é forms a right Jordan chain of length p for
psr=gq.

This gives us ¢ — p + 1 linearly independent right Jordan chains. So there are at
least ¢ —p+ 1 Jordan blocks of size p in the Jordan decomposition of Z, ® Z, when
p < q. In fact there are exactly ¢ — p + 1 Jordan blocks of size p. This will become
apparent soon. Define the following subspace

U, =span{e,_;®e,_;|i=0,....,p—1,r=p,...,q}
Note that dim(l,) = p(¢ —p + 1) and dim(L{pL) =pp-—1).

Now consider the two chains {(Z, ® Z,)*(e,—1 ® eq)}i;g and {(Z, ® Z,)k(e, ®
ep—1) g;g, of length p — 1. Observe that the starting point of the chains, e,_1 ® e,
and e, ® e,_1, are not in the subspace U, nor are any subsequent members of the
chain in U),. Therefore these are two new chains of length p — 1 which establishes
that there are at least two Jordan blocks of size p — 1. In fact there are exactly two
Jordan blocks of size p — 1 as will be apparent soon. Define the subspace

Uy—1 =span{e,_1_;®e;_;|i=0,...,p—2} +
span{e,_;®ep_1—;|i=0,...,p— 2}

Observe that dim(U,—1) = 2(p — 1) and that U, L Uy,_1.

We can continue in this way to define new linearly independent right Jordan chains.
In general for any integer 1 < r < p we define two right Jordan chains, {(Z, ®
Z)(ep—r ® eq)}i;g_l and {(Z, ® Z,)*(e, ® e,—;) 2;6—17 of length p — r. Define
the subspace
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Uy, =span{e,_,_i®@e,i|i=0,....p—r—1}+
span{e,_;®ep_,_;|i=0,...,p—r—1}.
Observe that dim(Uy,—,) = 2(p — r) and that Us L U,—, for s > p — r. Therefore

there are at least two Jordan blocks of size p — r. In fact there are exactly two
Jordan blocks of size p — r as will be apparent soon.

Finally observe that

p—1 p—1
dim(@,) + Y dim@, ) =plg—p+1)+ > _2(p—r) = pg = dim(C” @ C).
r=1 r=1

Therefore it follows that we have found a complete set of Jordan chains and all our
claims are proved: there are ¢ — p+ 1 Jordan blocks of size p and two Jordan blocks
of size 1 through p — 1.

TBD. Jordan decompositions of Z,, ® --- ® Zy,,, and (\I+Z,) ® (uI + Zy).
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6.3 Symmetric tensors

The full tensor product spaces are not very interesting since they are the same
as (isomorphic to) C". However, they contain interesting subspaces that occur
frequently. We have met some of them already; namely, the class of Hermitian and
skew-Hermitian matrices.

Let P,, denote the set of all permutations of the integers 1,...,n. Let x; € R™ for
t=1,...,n. We define the symmetric tensor product of x; to be

1
X1 VXoV: - VX, = ﬁ Z ®ZT-L:1XJ(Z').

We denote the sub-space of ®"R™ spanned by all symmetric tensor products of
n vectors from R™ as V"R™. We will use the convenient notation Vi ;x; for the
symmetric tensor product of x;.

Show that
Xy Ve VX Ve VX Ve VX =X Ve VX V- VX V-V Xy

We will write this fact succinctly as Vil x; = Vi1 X,(;) for any permutation o € P,.
(Prove it.)

Give an example of x,y,z € R, where
xVy)®z+z® (xVy)#c(xVyVa),

for any choice of the constant ¢. This exercise shows that a naive definition of
symmetric tensor product is not associative.

Let G = {(i1,42,...,1n) : 1 < i < igyy < m}. That is Gy, p is the set of n-
tuples with components from the set {1,...,m} in non-decreasing order. Remember
that we use the notation Z = (iy,...,4,) to denote n-tuples. Suppose that there
are n; occurences of the number ¢ in the tuple Z. Then we will use the notation
' =nilng! - -nyl.

We claim that the set of symmetric tensors

/n!
g7 = ﬁ \/’znzl eIp 1z € Gm,na

forms an orthonormal basis for V*R™.

Show that if Z, J € Gy, and Z # J then g%gj = 0. Hint: Do a small example
first.



Next we check that they have unit length. Let Z = (i1,...,ip) € Gy Then

)

1 n
S VTl > ez,

Uepn

Therefore

1
T _ n T _
8181 = Tyl Z k=197, ) €L,y = 1
o, TEPn

To see this consider a term in the sum for a fixed o. Clearly the term evaluates to 1
if 7 = 0. But any 7 which only permutes components in Z that are identical among
themselves will still yield a term that evaluates to 1. For each ¢ there are Z! such 7
terms. Therefore the right-hand side adds up to 1. This establishes that the gz for
1 € Giyp form an orthonormal set.

To finish establishing that it is a basis we must show that they span V"R".

Exercise 353 Establish that it is sufficient to show that an elementary symmetric tensor, V' ;x;,
can be written as a linear combination of the gz’s.

Let F,,  denote the set of all n-tuples formed from the integers between 1 and m
(inclusive). Then observe that

1
VisiXi = ] Z R1Xo(1)

1 m
=1 2 2 eiian
j=1

Uepn

1
= Z Z 1 1€L,27, 0 (1) (why?)

" 0€PRIE€EFmn

1
- Z o Z ®?:lefl$zzvff(l)

IcFmn  0€Pn
= | 1=177,,6(1) | ®i=1 €7,
IEFm,n c€Pp

Now observe that for a fixed 7 € G, ,, and any 7 € P,

Z 27, o0) = Z 2127, ) 00):

c€Py, g€Pn

However for each 7 € G, there are only n!/Z! occurences of 7(Z) in the actual
sum. Therefore we can group the terms further together and obtain

87
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1

I€Fmn 0€Pn
o Z _l Z l 1.%'117 f Z ®l:1eIT(l) (61)
ZeGmm o€Pn TEPn
1
B Z (ﬁ Z Hlﬂ:liUIlJ(U) Vit ex;.
ZeGmmn ’ c€Pn

Hence we have shown that gz for 7 € Gy, is an orthonormal basis for V"R™.

Therefore dim(V"R™) is the cardinality of the set Gy,,. Let s(m,n) denote the
latter number. Observe that s(1,n) = 1 and s(m,1) = m. Now let us see how
we can generate the tuples in Gy, using tuples in G,,—1,, and Gy, ,—1. Partition
the tuples in Gy, ,, into two sets; let the first set of tuples start with the number 1,
and the second set be everything else. Clearly by prepending a 1 to every tuple in
G n—1 We can obtain exactly the first set. Similarly we can obtain the second set by
taking every tuple in Gy,—1,, and adding 1 to every component. Therefore it follows
that s(m,n) = s(m,n—1)+s(m—1,n). With the initial conditions s(1,n) = 1 and
s(m, 1) = m, this recursion uniquely specifies s(m,n) for all positive integers.

Verify that

dim(VIR™) = s(m, n) = (m”_l).

n

Next we compute the orthogonal projector P, from ®"R™ onto V"R via its action
on the orthogonal basis ez for Z € F,

Py (®jcze€i) = Vier€icT

We begin by checking if P, is idempotent. Clearly it is sufficient to check if R ;g7 =
gz for 7 € Gy, . Observe that

1 1
Y (m Z ®?—1elg(i)) - n! Z Py <®?:leIg(i))

ch’Pn
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which proves that P, is idempotent. This also explains the presence of the factor
n! in the definition of the symmetric tensor product V.

Finally we check if x — P,x is perpendicular to Pyx for all x € Q@"R™. It is
sufficient to check that ®;ez; — Py(®;erz;) is perpendicular to g7 for Z € Fy, ,, and
J € G pn. We break the calculation up into 2 cases. First we assume that there is
no permutation o such that o(Z) = J. Then clearly

T
1
(E > ®?zle~70(z'>) ( =17 = Z ®iz1€1 <z)> =0

c€Pp 067%

Next we consider the case when 7(Z) = J for some 7 € P,,. Then we have that
! ' 71
(E Z ®?_1ejg(i)> ( i=1€7; — —' Z ®l 1eI > = W — Wj!n!'
c€Pn oc€Pn

Therefore we have shown that P, is an orthogonal projector onto V"R™.
For 7 € Gy, and J € Gy n, we have by an easy calculation that
n n n —l—n
Py Z ®;1181, n2| Y ®eq, | | = Viti™ew ),
Uepnl TGP’RQ

Hence we can extend the definition of V, the symmetric tensor product, to a binary
operator between two symmetric tensors by first defining it on bases for V*R":

(\/?:11911-) N (\/?:Qle%) =Py ((V?:llelz) ® (\/?:21671')) = v;‘:ﬁ”?e(z J)i

I

More generally for x € V1R and y € V2R, we have

Z .TI\/Z 1 €z, and Z yzvZ 1 €z,
ZeGm,ny ZeGm,n,

Hence

+
xVy=Pxey) = ) 21y7Vii{"ewy),
ZeGm,nq
J€Gm,ny

Show that for symmetric tensors x, y and z, and scalar «
e (x+az)Vy=xVy+a(zVy)

e XVy=yVX
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o (xVy)Vz=xV(yVaz)
Let x; =x for i = 1,...,n. Show that ® ;x; = ®"x = VI ;x; = V"X,

An instant question is whether span{®"x : x € R™} = V"R™? The answer is yes.
To see this note that it is sufficient to show that an arbitrary basis element V;ez,
for some Z € Gy, is in the span. Without loss of generality assume that Z only
contains the first k integers from 1 to k. In particular let us assume that the number
1 occurs exactly 7; times in Z. We will show that this basis vector can be written as a
linear combination of the symmetric tensors \/”(Zf:1 aje;) for suitable choice of ;.
To make this calculation easier we will exploit the fact that the symmetric tensor
product between symmetric tensors is commutative, associative and distributive and
write x Vy as xy whenever x and y are symmetric tensors. Therefore we have that
V*'x = x", for example. Observe that

k n n !
E: o | = E: M i kgl Gk
;€ — T ; |O‘1 042 ak el 92 ek .
: L. . 11:19: - = k!
1=1 i14i2+--+ip=0

Now we take a linear combination of N = (n + 1)¥ of these terms and obtain

N k n
Zﬁp Z%iei =
p=1 i=1

n

n! ol
—. i]‘ i2 DY Zk il i2 . .. ik
Z i1lig) - - .ik[el €2 €k Zﬁpap,lap,? Xk
i1+ia4+ip=0 p=1

Therefore to recover just the term with i; = j; we must pick 3, and «; 5 such that

N e . . .
Zﬁo‘il NN 0, if (i1,... i) # (1o, Jk),
o P=p,17p,2 pk 1, if (il,...,ik) = (jl,,jk)

Y

We pick o1 = 1 and «a; = x,, where
29 <21 < - < TN.

We then observe that 3, is obtained by solving an adjoint multi-dimensional Vander-
monde system, which, with our choice of «, ; is known to be invertible. In particular
the coefficient matrix can be written as k-th tensor power of a (n + 1) X (n + 1)
Vandermonde matrix. This establishes our claim.

Inner products of elementary symmetric tensors are given by the permanents of
certain matrices.
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The permanent of an n X n matrix is defined to be 109
per Z H IA’LO'
c€Pn

Let X and Y be m x n matrices. We will use the notation X; to denote column ¢
of X. We now show that

1
(VI XNV, Y) = ] per(XTY).

We calculate as follows

(VI X)) (Ve Y3) <Z R X1 ) (Z ®iY )

c€Pn TEPH
( Z m X'y, )
! g€Pp

which proves the claim.

Observe that in equation 6.1 we give an explicit formula to expand a symmetric
tensor in terms of V;cze; for Z € Gy, 5. The above formula can also be used for this
purpose by choosing for example Y; = ez,. However there seems to be an extra 7!
in one of the formulas. Can you reconcile them?

Show that per(X?X) > 0.

Show that

| per(XTY)| < \/per(XTX) per(YTY).

By placing restrictions on the basis set we can get lower dimensional symmetric
subspaces. Let U = (U; Usy), be an orthogonal m x m matrix with U; containing
my columns. Let u; denote the columns of U. Denote

span{V;_juz,|Z € Gy, n} = V'"R(Uy).
Note that V"R (U;) is a subspace of V"R™.
Show that dim(V"R™) = dim(V"R(Uy)).
Denote
span{x Vy|x € V''"R(Uy),y € V?R(Uz)} = (V"*R(U1)) V (V"*R(Uy)).
Show that dim((V"R(U1)) V (V2R(U3))) = dim(V"R(U;)) dim(V"2R(Uy)).
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Show that
VIR™ = &f_o(VR(U1)) V (V"I R(U2)).
Cross check by verifying independently that
mp+me+n—1 “(mi 41\ (ma+n—j—1
( n ):g( j )( n-j )
Hint: To proceed first extend the sum to
mi+mo+n—1 madn-l mi+j5—1\/me+n—7—1
( n >:§(J>< n-j )
and then convert it to
<m1+m2+n—1> _mzi_l (m1+j—1> (mg—i—n—j—l)
n = my — 1 my — 1 ’

Now use identity (5.26) from Concrete Mathematics by Graham, Knuth and Patash-
nik.

Finally all of these formulas remain true if we merely require that U is non-singular.
Verify.

It is also convenient to be detect a symmetric tensor from its coefficients in the
canonical basis ez for T € Fipn. Let x =) 7cp  T7€7 =) 700, TT87-

Show that ¥, ) = 27 for all exchange permutations 1.

Conclude that Z,(7) = 27 for all permutations o.

This explains why symmetric tensors form such a small subspace of ®"R™. This is
also an exact characterization of symmetric tensors.

Show that x = ) 7. wzer € V'R™ iff z,7) = 27 for all permutations o.

Therefore we can characterize the symmetric tensors as those x = > 7. F, ., TI€T
that are in the nullspace of the equations

LT = Ty(T), for all exchanges n and all Z € Gy, .

One is then lead to consider other “symmetry” conditions on the tensor. Here is a
problem from Bishop and Goldberg.
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Find all x = ZS’J k=1%i,jk€(ijk) € ®3R™ that satisfy the “symmetry” equations

Tijk + Tikj =0
Tijk + Tjki+ Thij =0,

for 7,7,k = 1 to m. The first set of equations imply that the free variables can be
chosen from the set x; ; , with 1 < 5 <k < m. Of course z; j; = 0. This only leaves
the second set of equations. We now claim that we can pick only the variables x; ;
with1 <j<k<mand1l<i<k<mas free. First let us check if a variable ) 4 »
which does not satisfy the conditions, that is ¢ < r < p, can be determined from
the putative free variables. Observe that

xp,qﬂ" = —'Iq7r7p + mﬁQaP’

and all the variables on the right are free, since ¢,r < p. Obviously a variable x, 4
with r < ¢ is determined by x; 4. Further those with r = ¢ are zero. Hence we
see that all variables are determined by the free variables. The question is are all
equations simulatenously satisfied; that is, did we pick too many free variables. We
see that the first set of equations is consistent with our choice as they each determine
exactly one basic variable. For the second set, for each choice of triplet (p, ¢, r) there
is an equation

xp7Q7T + xq,r,p + :I;T7p7q = O

If all 3 integers are distinct then there is exactly one basic variable which does not
appear in any other such equation. If two of the integers are the same then we repeat
a previous anti-symmetry equation. If all three integers are same that variable is 0.
So we see the free variables leave all the equations consistently true.

Now we look at a more complicated problem from Bishop and Goldberg. This
concerns the symmetry conditions satisfied by the Riemannian curvature tensor.

Consider all x = Z;n] ked=1 Tij k1€ k1 € ®R™ that satisfy the “symmetry” condi-
tions

Lo @kt = —%jk,
2. Tijkl = —Tijlk
3. ikl + Tiktj+ Tk =0

We first show that any such tensor must automatically satisfy an extra symmetry
condition: z; jx; = T ;. To see this first observe that
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Tijkl = —Tiklj — Tiljk

= Tkilj T Tlijk
—Tlgi — Thyjil — Tljki — Tlk,i,j
= 2%k 145 T Tl + Tk

Next we do a similar derivation with a slight modification

xi7j7k7l = _:Ej7i7k’l
= 2%k 1ij T Tyl T Tlik,j-

Adding up these two formulae we get

2% j ot = ATk i+ Thjli T Thigl  Tgik T Tk,

= 4Tk 145 — Thlij — Tk,

which proves our claim. Next we establish that if x” (vow®v®@w) = 0 for all choices
of v and w then x = 0. First observe that if v.= ", v;e; and w = Y /", w;e;
then
m
XT(V RWRVRW) = Z T kaviwjvpw; = 0.
ik l=1

We already know from the skew-symmetry conditions on the first two and last two

variables that @ = @i, = 0. Now fix (i, j, k,1) and choose v = e; and w = ey.
Then the above equation becomes

Tikik = 0.

Next choose v = e; and w = e} + €;. Then using the above symmetry condition we
have that
Tikik + Tikil + Titit + Tigik = 0
Tikil + Titik = 0.
But we have also established that z;;;; — z;;; = 0. Therefore we can conclude that
Tikiy = 0. By a similar reasoning we can also establish that w;;;; = 0. Therefore we
have now shown that variables with two or more identical indices in any position
will be 0. So the only non-zero variables are those that have four distinct integers
for their indices. Therefore consider v = e; + e; and w = e, + ;. Then we have
that
Tikji + ki + Titjk + ik = 0
—Tijlk — Tilkj — Tjilk — Tjlki T Titjk + Tjtik = 0
Titjk + 1k = 0.
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This shows that we have skew-symmetry for the second and third variables also, and
an application of the skew-symmetry for the first two and last two indices, shows
that we have skew-symmetry between the first and fourth indices also. In summary
we have shown skew-symmetry between any two pairs of indices. Now we go back
to the original symmetry condition and exploit this additional skew-symmetry.

Tijkl + Tiklj + Tigjr = 0

Tijkl + Tijk + Tijer = 0,
which proves our claim. This shows that the tensor satisfying such symmetry con-
ditions must be a subspace of the subspace spanned by all tensors of the form
vRWwW®vVv®w. The containment is strict since such tensors do not have a skew-

symmetry between the first two and last two indices. Finally we show that such
tensors can be constructed out of symmetric matrices. Let b;; = b;;. We claim that

Tijkl = bigbji — bibj,

is a tensor with the symmetries of a Riemann curvature tensor. The requisite sym-
metry conditions are easily verified to be true.

A good example of use of symmetric tensors is a Taylor series expansion of a function
of several variables. Let f : R™ — R be an analytic real-valued function of m real
variables. Define the n-th derivative of f to be a symmetric tensor of order n via

Mflxy,...,z,m) = Z f

Oxr,0x7, 0%
TG, 1172 In

VieT €;.

Write out 9 f explicitly. Note that it differs from the Hessian of f by a factor of 2.

The reason for representing the partial derivatives as a symmetric tensor should be
obvious now. For example, if f is sufficiently nice then

02 f 02 f

8x18x2 N 8x28x1’

and this is the reason why 9°f is represented as a symmetric tensor.

By considering the Taylor series expansion in ¢ of f(a + tx) it can be shown that

> nfia T
fla+x) = f(a) —i—Z—(a fn(‘ ) ®" x.
n=1 )

Show it assuming that f is sufficiently nice.

An interesting exercise is to compute the Taylor series expansion under an affine
linear change of variables. Let ¢(b +y) =a+ Ay. Let g = f o ¢. Clearly
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0 0 T
g(b+Y)=g(b)+Zm

n

Ry.

n=1

But we would like to express this in terms of f. Observe that
o
o f(a T
ob-+y) = fla+ Ay) = fa) + Y2 TTE gr g ony
n=1 '
which shows immediately that
0"g(b) = (2"AT) 9" f(a),

whenever g(b+y) = f(a+ Ay). A more detailed view of this operation is presented
in the next section.
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6.4 Symmetric tensor powers

In the last section we saw how tensor powers arose naturally. In this section we look
at them more carefully. Let A denote a [ x m matrix. It is clear that ®"™ A can act
on @"R™ to yield a tensor in ®"R! via the usual matrix multiplication

(@"A)(@1xi) = ® Ax;.

A simple calculation shows that V"R™ is an invariant subspace of ®™A for any
m X m matrix A. It is therefore natural to study the restriction of ®” A to this
subspace. This restricted operator is denoted by V™A and called the symmetric
tensor power of A. More prosaically, let G, ., denote the matrix whose columns are
formed from the orthonormal symmetric tensor basis gz for Z € G, ,. Then the
invariance of V"R™ under ®" A can be written as the equation

(®"A)Gmn = Gmpn(V"A).

Using the orthonormality of the columns of G, ;, we can infer from this an explicit
expression for V" A

V'A = G (@7 A) G
We will also use the notation
Gpaxy =x, forx e V'R™.
Clearly
(VIA)(Vilixi)v = (Vi1 AXg)y.

We start with a simple sequence of calculations
(8"A)(@"B) = ©"(AB)

( )( )Gm,n = ( (AB))Gm,n
( A)Grn(V'B) = G (V' (AB))
ma(VTA)(V'B) = Gy (V' (AB)).

From which, using the full column-rank of G, , we can infer that
(V'A)(V"B) = V" (AB).

It is also possible to show that

o (VPA)T = VAT,

o (V?A)L=vrA-L
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o If A is either Hermitian, unitary or normal, then so is V"A.
o If Av;, = \;v;, for i =1,...,n, with repetitions allowed, then
(V*A)(Vitrvi)y = (T2 A0) (ViE Vi) v
e Let A =UXVT be the SVD of A. Then
VIA = (VPU) (VPR (VPV)T
is the SVD of V"A.

At this stage it is not clear that V'Y is a diagonal matrix. So we compute an explicit
formula for the entries of V*A. Observe that for Z, 7 € Gy,

(V'A)z 7 = g7 (®"A)gs
n!
= —— (Viiel ) (87A) (ViLieg)

VI TJ!

n!

= iz (Vimieh) (Vika(Aeq)

_ 1 n T n
VT (; ®izlefau>> (Z ®i=1(Ae~7r<i>)>

Tepn

1
VI (Z H?—lALJo(i)) :

c€Pn

Let us define A[Z|J] to be the n x n matrix whose (7, j) element is Az, 7.. Then
we can summarise our formula for V" A as

(V'A)z,7 = er(A[Z|J]).

1
NNk
From this formula it is easy to see that the symmetric tensor product of a diagonal

matrix is another diagonal matrix and that indeed V" contains the singular values
of V'A.
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6.5 Signs of permutations

Before we proceed we need to discuss the sign of a permutation. Let o denote a
permutation of the integers 1,...,n. The sign of o, denoted sgn(o), is defined to
be either +1 or —1: it is +1 if o can be represented as the composition of an even
number of exchanges; otherwise it is defined to be —1.

Let 7; ; denote the exchange which switches the position of the i-th and j-th integers.
Suppose

o(l)=2,0(2)=3,0(3) =1,
is a permutation of {1,2,3}, then we can decompose o as
0 =1,20°M3,

and hence sgn(c) = 41 in this case. The natural question is whether sgn is well-
defined; can a permutation be written as both an odd number of exchanges and an
even number of exchanges? No.

A nice proof of this is given in Herstein’s Topics in Algebra. Let x;, fori =1,...,n,
denote n distinct numbers in increasing order z; < x;+1. For a permutation o of
{1,...,n} consider the number

7(0) = sgn(lli<;j(T5(j) — To(i)))-

It is easy to see that 7 of the identity permutation is 1. Let 7; ; denote a permutation
that exchanges the number ¢ with the number j. We claim that 7(n;; o 0) =
T(0om; ;) = —7(0). We compare the terms in the two formulas

T(U) = H?:ZHZ;%@;U(T) - xa(s))v
7(0 0 i 3) = Il (T 1) — Toli05))):
Without loss of generality let ¢ < j and s < r. We observe that if neither r nor s is
equal to i or 7, then
Lo(n,;(r) = To(m,i(s) = Lo(r) =~ To(s)-

So any change in sign must be induced by the other terms. First consider the terms
where s1 < i =711 and so <1 < j = ro. We note that these terms can be paired up
as follows

Lo(n,j(3) — To(ni;(s1) = To(j) — Lo(sz) S1 = S2-

Hence they do not induce a net sign change either. Next consider the terms of the
form ¢ =51 <r; <jandi < so < j=ry. These terms can be paired up as follows
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To(n ;(r1)) ~ Lol () = To(r) ~ To(j) = (TD(To() = To(sy))s 52 =71

Therefore each of these terms cause a sign change. The total sign change is given
by (—1)77%=1. Next we consider the terms of the form i < s; < j = r; and
1 = sg < ro < j. These terms can be paired up as

Loni;(7) ~ Tolnij(s1) = To@i) — To(s1) = (_1)(370(7"2) - xa(i))a 81 = 12.

Therefore these terms cause a total sign change of (—1)7~*~! too. Next we consider
the terms of the form i = s1 < j < r; and j = so < ra. These can be paired up as

Lo(nj(r1)) = Lo(ni;(i) = Yo(r1) = Lo(j) = Lo(rs) = Lo(j)s 1= T2

So these cause no sign change. Next we consider terms of the form j = s; < 7
and 7 = s9 < j < ry. As in the previous argument there is no sign change for these
forms. All of the forms we have considered so far give together no sign change. This
leaves us only with the following two terms to compare

To(n: ;) ~ To(ni; (7)) = To() — To(i) = (—D(Za@) = To(s))-

Therefore we have exactly one sign change and we have shown that 7(o o n; ;) =
—7(0). The other version 7(o on; ;) = —7(0), is proved similarly.

Do it.
Show that sgn(o) is well-defined for permutations o.
Show that sgn(c) = sgn(o~!) for permutations o.

Let Z denote an r-tuple and J an s-tuple and (Z, J) the r + s-tuple obtained by
concatenating Z and J. Let 0 € P, and 7 € Ps. Let u € P,45 be the permutation

defined by u(Z,J) = (0(Z), u(J)). Show that sgn(u) = sgn(o)sgn(7).
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6.6 Anti-symmetric tensors

In this section we consider probably the most important subspace of @"R™. We
define the anti-symmetric tensor product (sometimes called the wedge product) of
x; to be

1
XIAXg A AXp = — ZP: sgn(o) @iy X (i)-
lASY =

We will use the convenient notation AP ;x; for the left hand side of the above
equation. We will denote the span of all wedge products of n vectors from R™ as
ATR™,

Show that
Xl/\-”/\XZ‘/\---/\Xj/\---/\Xn:(—1)X1/\”-/\Xj/\---/\XZ‘/\-”/\Xn.

We will write this fact succinctly as AL x; = sgn(o) ALy X,(;) for any permutation
o € Pp. (Prove it.)

Give an example of x,y,z € R such that
(xAy)®z—-z2® (XAy) #c(x Ny Az),

for any scalar c¢. This shows that a naive definition of anti-symmetric tensor product
is not associative.

Let Hpypn = {(i1,42,...,1n) |1 < ik < igp1 < m}. That is, Hy,, is the set of
n-tuples with strictly increasing components with values restricted to the integers
1,...,m. We claim that set of anti-symmetric tensors

hy =Vl AL e,  I€ Hpp,
is an orthonormal basis for A"R™.
Show that h%hj =0forZ,J € Hppand Z # J.
Show that h%hz =1forZ € Hy .
Show that if Z € Gy, p, and Z ¢ Hy, p,, then Ajez, = 0.

So we just need to show that hz spans A"R™. To do that it is sufficient to check
that all elementray anti-symmetric tensors A;x;, are in the span. We calculate the
linear combination as follows



1
n J—
Ni=1Xi = sgn(0) ®iy X, ()
T o€P,
1 m
- n_ i=1 Z SR
oEPn k=1
1
:_'Z Z ®i=18L, 27, 0 (i)
- > sen(0) ®Ly ez, o)
IGFm n 0EP
1 . i
~ ol Z (Z sgn(o)IlL 27, () | @iz ez,
IeF’m,n g€Pp,

Now we observe that for each J € F),, ,, there is a Z € G, , and a 7 € P, (though
the 7 may not be unique) such that J = 7(Z).

Exercise 377 Show that for such a pair

> sen(o)l} 2, 5y = sgn(r) > sgn(o)ll_ z7, 4.

g€Pp, g€Pn

Therefore we can further group the terms together and obtain

1
ey ¥ (X s ) ot

Te€Fmm \o€Pp
1
- 3 (D st ) 4 3 st en
IeGmn  \0E€EPp TEP,

1
n n
—, sgn(o )Hi—le—,a(i)) Ni=1 €z,
IEGm n 0'67371

n
( 1%—,0@')) Ni=1 €Z;,
T€Hm n

which proves our claim.

Therefore dim(A"R™) is the cardinality of the set Hy,, which gives easily

dim(A"R™) = (m) .

n
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In particular A"R™ = {0} if n > m, and dim(A™R™) = 1. Also note that
dim(A"R™) = dim(A™"R™).

Determinant Let A be an n x n matrix. Its determinant is defined to be 110
det(A) = Z sgn (o) A 5.
c€Pp

Let X and Y be two m x n matrices. We will use the notation X; to denote column
1 of X.

Exercise 378 Show that
1
(A X)) T (N YY) = ] det(XTY).

Exercise 379 Show that

| det(XTY)| < 1/det(XTX) det(YTY).

Example 8 At this stage it is good to do the following exercise from Bhatia. Note that dim(®3R?) =
27, dim(V3R3) = 10 and dim(A3R?) = 1. Find an element of (V3R3 @ AR3)+. A
brute force approach that will work is to pick a random vector in ®3R? and orthog-
onalize it against all suitable g7 and hz. A simpler way is to proceed as follows.
Observe that every vector in A3R? is a linear multiple of Ag’:lei. Motivated by this
consider the vector e; ® €] ® e2 — €] ® e2 ® ey. Clearly it is orthogonal to NSRS,

In V3R3 it is clearly orthogonal to all g7 except possibly for g(1,1,2)- A quick check
shows that it is orthogonal to this one too.

As in the symmetric case calculations become easier to do if we can define a fully
associative wedge product (also called the Grassmann product). Like before we need
to find the orthogonal projector P, onto A"R™. We define it on the canonical basis
vectors as follows

P/\(®?:1egi) = /\?Zlezi, for T € me.

We need to check if this is indeed an orthogonal projector. We begin by checking it
is idempotent. It is sufficient to check this on hz for Z € H,, 5.

1

1
= — Y sen(o) Al ez,
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Finally we check if x — Pyx is perpendicular to Pxx for all vectors x. It is sufficient
to check ®;ez, — Pr(®;ez,) is perpendicular to all h 7. It is clear that if 0(Z) € Gy p,
but o(Z) ¢ Hy p, for some permutation o, then clearly the orthogonality condition
holds. So we only need to check when Z € H,, ;. Thus for 7, J € Hp,,, we must
compute

T
( > sgn(o) ©F, e%m) (®iez; — PA(®iLer)).
O'Epn

Clearly if Z # J the above inner product is zero. Thus we only need to check when
1=J € Hpn.

T
n!
0€Pn ’

which confirms that P, is the orthogonal projector onto A"R™.

Next, for 7 € Hy, p, and J € Hp, p, we compute the anti-symmetric tensor

1
Pl > sgn(o) @t ez, | ® ol > sen(o) &2 e,
0€Pn, 0€Pn,
— 1 ni n2
= Z sgn (o) sgn(r) Pr (97 er,,) @ (@]2e7,,))
c&Pn
TE'Pn;
1
= n1lng) Z sgn(o) Sgn(T)(/\ie(o(I),T(j))ei)
o€Pny
T€Pngy
n1!n2!
~ nlng! Nie,7) €

Therefore we can extend the definition of wedge product to anti-symmetric tensors
by first defining it on the canonical basis for A"R"":

(Ayez,) A (A2eg,) = N er 7y,

We then extend it by linearity in each argument. Therefore for x € A™R™ and
y € AN"2R™ | since

n n
X = Z T /\1:11 eIia and y = Z Yz /\Zil eIp
IGHm,nl ZGHm,nQ

we have



Exercise 380

Exercise 381
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XNy =P\(x®y)= Z N /\?:lirnz &T,7)i
IeHmmnq
Je€Hm,ngy

Note that many terms on the right-hand side can be zero. Furthemore observe that
for 7 € Hymy and J € Hyyny

(NLyer) A (NZieg,) = (1) (A21eg,) A (N Ler,).
Show that for anti-symmetric tensors x, y and z and scalar «
o (xt+ay)Nz=xANz+ayAz,
o (xANy)ANz=xA(yAz),
o xANy=(—1)""yAx, if x € NMR™ and y € A"2R".

Show that if v; € R™ then A’ v; = 0 iff the v; are linearly dependent.



6.7 Anti-symmetric tensor powers
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