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in each variable, we consider the problem of constructing a g-variate trigonometric poly-
nomial of spherical degree O(5~') which interpolates the given data, remains bounded
in the Sobolev norm (independent of # or M) on [-7,7]%, and converges to the function f
on the set where the data becomes dense. We prove that the solution of an appropriate
optimization problem leads to such an interpolant. Numerical examples are given to dem-
Multivariate interpolation onstrate that this procedure overcomes the Runge phenomenon when interpolation at
Uniformly bounded interpolatory operators equidistant nodes on [-1, 1] is constructed, and also provides a respectable approximation
Minimum Sobolev norm interpolation for bivariate grid data, which does not become dense on the whole domain.

Localized kernels © 2013 Elsevier Inc. All rights reserved.
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1. Introduction

For clarity of exposition, the notation used in this and the next two sections may not be the same as in the rest of the
paper.

In many engineering applications, one has to find a good approximation to an unknown multivariate target function which
also interpolates the function at certain points, sometimes called landmarks. For example, in the problem of image registra-
tion, we are given a set of locations x; € [—1, 1) in the first image and a corresponding set of points Y€1, 1) in the second
image. The idea is that the location x; in the first image is the “same” as the location y; in the second image. We then hope to
findamap g : [-1,1]* — R? such that g(x;) = ¥;» and such that g satisfies some smoothness conditions. There are at least two
reasons for insisting on interpolatory approximation in this situation. First, the locations might have been chosen at great
costs, including human efforts. Second, if the registration is being done many times over a sequence of images (for example
when we stitch together video frames to form a large image), then a non-interpolatory approximation will cause a drift be-
tween the first image and the last image in the sequence.

In the univariate setting, perhaps the most classical method to obtain an interpolatory approximation is to use a polyno-
mial interpolant. In the multivariate setting, it is not always possible to find a space of multivariate polynomials with dimen-
sion equal to the number of data points that admits an interpolant. For this reason, radial basis functions (RBF's) have
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become popular tools in recent years for multivariate interpolation problems. However, if one wants to use the RBF inter-
polant that minimizes a Sobolev norm, then there may not be an explicit closed form formula for this RBF kernel. In the peri-
odic setting, it is easy to write down such a kernel in terms of a Fourier series (cf. (1.2)), which converges slowly. Therefore,
the computation of such an RBF requires a careful approximation.

In this paper, we wish to explore a construction of multivariate polynomials directly to interpolate the values of a target
function at arbitrarily chosen sites on a cube of the form [-1, 1]%, where g > 1 is an integer. With a standard correspondence,
this problem is the same as that of constructing multivariate trigonometric polynomials to interpolate the values of a target
function at arbitrarily chosen sites y;,...,yy € [-7, 7]%. A very general result in [12] implies in particular that if

n :j#k%T,ngWj = Vil

then for every continuous function f on [-7, 7t)?, 27-periodic in each of its variables, there exists a trigonometric polynomial
of order not exceeding a constant times #~! which interpolates f at y,,...,¥y, and whose uniform norm does not exceed a
constant times that of f, where the constants involved depend only upon q. However, the proof in [12] is not constructive.

In this paper, we are interested in interpolating functions in a Sobolev class W? from the class Hj; of trigonometric poly-
nomials of spherical order N (see Section 4 for definitions). Since we must allow the degree N to be larger than the minimum
required for obtaining an interpolant, the problem seems straightforward in the case when p = 2. Let M > 1 be an integer,
Vi, ¥yu} c [, @), f:[-m, @]" — C. The question of finding T € H{ satisfying T(y;) = f(y;) can be described in matrix
notations as follows. Let Dy be the dimension of Hj;, A be a M x Dy matrix with A;; = exp(ik - y;), and f be a column vector
with j-th component given by f(y;), j=1,...,M. If b is a solution of

Ab = f, (1.1)

then T(x) = 3", bk exp(ik - X) solves the interpolation problem. It is rudimentary linear algebra to verify that the system (1.1)
has a solution for every choice of f if and only if the rank of A is M; i.e., the Hermitian transpose A" is one to one. In general,
the solution will not be unique. A simple strategy to solve this system of equations is to minimize a weighted norm of b. For
example, minimizing 37, (|k|* + 1)°|bi|* would lead to a solution with the minimal Sobolev norm in the sense of W2. Natu-

rally, we will refer to a solution obtained with this strategy (with possibly different variants such as considering 3", [k|*|by|?,
or considering trigonometric polynomials of coordinatewise degree N, or considering only even trigonometric polynomials,
etc.) as a minimal Sobolev norm (MSN) interpolant.

We remark that if we are not interested in interpolation with trigonometric polynomials, then the problem is well studied
in the case of functions in W2, s > q/2. In this case, the function K defined by

Kas(x) = Z(\k\z + 1) exp(ik - x) (1.2)

kez4

is continuous. The Golomb-Weinberger variation principle [6] can be used to show that the solution of the minimization
problem

minimize (gl : &) =S¥, j=1.....M} (13)

has a solution in the span of {Kys(o — yj)}j"i 1» and therefore, can be found by solving an appropriate system of linear equations.
However, when s is not a half integer, there is no closed form, easy to evaluate expression for K,;. The series defining Ky,
converges too slowly to allow an effective and easy computation. Therefore, we prefer to find an MSN interpolant as de-
scribed above directly from the class H}.

Our objectives in this paper are the following:

e We prove in Theorem 5.1 that the MSN interpolant from the class HY; exists with a bounded W? norm provided N is at
least a constant times #~!, where the constant may depend only on g, p, and s.

e In Theorem 5.2 we describe an explicit minimization problem to solve the interpolation problem. In particular, the min-
imization problems in the cases p = 1, oo can be solved using linear programming (when the function is real-valued), and
the case p = 2 can be solved by solving an under-determined system of linear algebraic equation by standard numerical
linear algebra methods.

¢ In Theorem 5.3, we prove that as the data set becomes dense on a portion of the torus, the MSN interpolants converge to
the target function on this part, while their Sobolev norm remains bounded on the entire torus.

We postpone the discussion of the rates of convergence of the MSN interpolants to another paper in preparation.

The motivation behind this paper is both theoretical and numerical. In Section 2, we provide a motivation for our theo-
retical ideas in the classical univariate setting of interpolation by algebraic and trigonometric polynomials. In Section 3, we
provide some numerical “proof of concept” experiments to illustrate the MSN algorithm in the case when p = 2. The remain-
der of the paper is devoted to developing the theory. The notations used throughout this paper are introduced in Section 4.
The main theorems are described in Section 5. The proofs of these results are given in Section 7. These require a great deal of
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preparation first. These preparatory results are developed in Section 6. This section may be skipped in a first reading, refer-
ring to the results as needed.

2. Background in the univariate setting

For each integer n > 1, let I, be the class of all (algebraic) polynomials of degree at most n, {yj_,,}j’;] be a set of distinct
pointsin [-1,1],and f : [-1,1] — R. It is customary to organize the points {y;,,};_; as the nth row of an infinite matrix, known
as the interpolation matrix Y. It is well known that there exists a unique polynomial I,(Y;f) € I1,.; such that
In(Y;f,¥;n) =f(;,) for j=1,... n. The operator I,(Y) is a linear operator on the space of all the real valued functions on
[-1,1].

In the case when for each integer n > 1, the nth row of Y consists of n equidistant points on [-1, 1], the well known Runge
example shows that for the function f: [-1,1] — R, f(x) = (1 +25x2)"", the sequence {I,(Y;f)}>, does not converge uni-
formly on [—1,1]. In this case, one can obtain a convergent sequence of interpolants by taking as the nth row of Y to the
be zeros of the Chebyshev polynomial of degree n. However, Faber’s theorem [14, Theorem 2, p. 27] states that for any inter-
polation matrix on [—1, 1], there exists a continuous function f on [—1, 1] such that the sequence {I,(Y;f)} does not converge
uniformly.

The situation changes drastically if one allows the degree of the interpolatory polynomial to be greater than the minimal
required for interpolation. Thus, the following Theorem 2.1 is a simple consequence of [16, Theorem 2.7, p. 52]. For
f:[-1,1] —» R, we write

1 /! dt
Wl = 399 O Wl o= {5 [ 10F 2]

We note that for n equidistant nodes on [-1, 1], the quantity d, in the following theorem satisfies d,, > 2/n.

1/2

Theorem 2.1. Let y;, = cos 0, € [-1,1] be an arbitrary system of nodes (0 < 01, < --- < Opn < 7) and let

dy := min (01, — Ojn).
n 1<i<ﬂ—1( j+1.n ],n)

Then for any € > 0, there exist linear polynomial operators P, on C[—1, 1] with the following properties:
Jfm=|n(1+¢€)/dy] then P,(P) =P for all P € 1, For f € C[-1,1],

a
b)P,(f) € Iy where N = [(rt/d, + 1)(1 + 3€)],
c
d

P(f.Yin) =fWjn) forj=1,....n,
JThere exists an absolute constant ¢ > 0 such that

If = Pa(F)looprny < Cpier}lfm If = Pl 1.1y (2.1)

(
(
(
(

A remarkable aspect of this theorem is that the points y;, may all be concentrated only on a subinterval of [-1,1], for
example, [0, 1]. Nevertheless, the sequence {P,(f)} converges to f on the whole interval [-1, 1]. If we have a continuously dif-
ferentiable function f, and require convergence on the part of the interval where the data becomes dense as n — oo, then a
very simple construction can be given.

We recall that there is a one to one correspondence between functions on [-1, 1] and even, 27-periodic function on R,
given by f°(6) = f(cos 6), f : [-1,1] — C. Moreover,

‘l Y
Il jorm = sup (O] = [Ifllc.j-1.1)> Hfng.[—n.n] 3:_/ If*(0)[*d0 = WH%_HJ]-
Oc[-m,7] 21 ),

Proposition 2.1. Let f° be continuously differentiable on [—m, 7t|. The minimization problem
minimize \|(P°)’||2‘[7n‘m over all Pelly, subject to the constraints P(y;,) =f(¥;,) j=1,...,n (2.2)

has a solution P,, satisfying the following property. If A is a subsequence of positive integers, and x, is a limit point of a subsequence
{yj,n}ne/\' then

lim P} (xo) = f(Xo). (2.3)

neAn—oo

Proof. In this discussion, we will write P, in place of P,(f), whose existence is asserted as in Theorem 2.1. In view of a the-
orem of Czipser and Freud [5], the estimate (2.1) implies that there exists an absolute constant c¢; > 0 such that

1P lla g < NP Nl fmm < 1 NGY Moo e
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Thus, the minimization problem (2.2) has a feasible solution, P, satisfying the same estimate as above. Further, for
0,¢ € [-m, 7,

(P 0) = B @) < V2mo = (o) |, <=0 ey

Since P, (¥jn) =fjn), j=1,...,n, the sequence {P,} is uniformly bounded and equicontinuous. In view of the Arzela-Ascoli

theorem, this implies that any subsequence of the sequence {P;} has a uniformly convergent subsequence. If x, is a limit

point of a subsequence {y;,},.,, then it is not difficult to deduce using the interpolatory conditions that (2.3) holds. O
In some situations it is also possible to construct approximating polynomials of degree lower than n (see [1]).

3. Numerical experiments

In this section, we will present numerical experiments that demonstrate the behavior of the MSN interpolant under dif-
ferent circumstances. In our computations below, we consider interpolation with algebraic polynomials of a suitable coor-
dinate-wise degree. The standard substitution establishes a one to one correspondence between such polynomials and even
trigonometric polynomials of the same order as the degree of the polynomials.

We first consider the classical Runge phenomenon by interpolating the function f(x) = (1 + 25x%)"' at n equi-spaced
points x; in the interval [—1,1]. In Table 1 we show the results of our numerical experiments. The first column of the table
shows the number of data points n used for interpolation. The remaining columns provide the maximum error in recon-
structing the interpolant at 1024 equispaced samples in [—1,1]. The first column provides the error corresponding to a
Wendland RBF. Thus, with

or)=@r+1)+(1-n* r>o0,

we consider interpolation by sums of the form };a;w(|x — X;|/7). The parameter o is chosen from the set {10, 30, 60, ..., 180}
to minimize the error in interpolating the given function on a 35 x 35 regular grid in [-1,1]%. This range was chosen after a
coarser choice of o over a larger range of numbers was first used. The second column provides the maximum interpolation
error obtained with MSN interpolation. The order of the MSN interpolant is

6
m= min;; (cos~" (x;) — cos~! (x;)) | (3.1)

The Sobolev parameter s is picked to be the largest possible value without suffering from numerical losses. This is essential to
keep the order of convergence at the maximum. The MSN interpolant is computed using a weighted least-squares formula-
tion as explained in another paper [4]. The last column provides the error in interpolating the considered Runge function
with Matlab’s cubic spline toolbox.

Next, we consider a two dimensional interpolation problem on a region inside the square [-1.0,1.0] x [-1.0,1.0]. The
function being reconstructed (shown in Fig. 1) is given by

1 1 1 1
= 5+ 5+ 5+ 5
1+25(x*+y—-03)" 1+25x+y—-04)" 1+25(x+y>-0.5)° 1+25>x%+y?—-0.25)

The function has the Runge structure along two parabolii, a circle and a straight line. Table 2 shows the maximum error in
reconstructing f(x,y) ata (n+ 11) x (n+ 11) grid using the MSN interpolant at an n x n grid. The error is normalized by the
maximum value of f(x,y) over the reconstruction points. The parameter s is varied in steps of 2 from 2 to 12. The degree of
the interpolating polynomial was chosen analogously to (3.1). Table 2 also shows the accuracy obtained with the Wendland
RBF interpolant, in its last column. Compared to the RBF and Spline interpolants, the MSN interpolant has an order or more in
its accuracy for sufficiently large s and increasing n.

These experiments show that the proposed scheme can perform well on difficult problems in two dimensions where tra-
ditional interpolation schemes require much more work to achieve comparable accuracy.

The proposed method relies on a complete orthogonal decomposition (CODA) technique as described in [4] for numerical
stability. For the sake of completeness we give a brief overview of the numerical technique. The numerical solution of the
MSN interpolation problem when p = 2 boils down to the following optimization problem

fx.y)

Table 1
Interpolation of 1D Runge function. Column 2: interpolation error with Wendland RBF.
Column 3: interpolation error with MSN, s =6. Column 4: interpolation error with Cubic

Splines.
n errRBF errMSN errSpline
10 1.4e-01 1.4e-01 1.4e-01
100 6.6e—06 2.8e—11 6.9e—06
200 2.2e-06 2.3e-13 3.7e-07

300 1.4e-06 2.2e—-14 7.7e—08
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Fig. 1. The test function f(x,y).

Table 2
Maximum error of MSN interpolant in region [—1.0,1.0]%.
n s=2 s=4 s=6 s=8 s=10 s=12 RBF Spline
10 1.1e-01 1.2e-01 2.3e-01 4.9e-01 1.0e+00 1.6e+00 1.5e-01 1.5e-01
20 3.1e-02 2.7e-02 3.6e—02 1.2e-01 5.2e-01 2.7e+00 4.1e-02 4.5e—02
40 6.7e-03 2.2e-03 1.4e-03 1.4e-03 4.3e-03 1.9e—02 7.6e—04 3.5e-03
80 9.5e—04 9.4e-05 1.7e—-05 4.6e—06 4.3e—06 5.7e—06 4.1e-05 1.5e-04
100 5.1e—04 3.8e-05 6.2e—06 1.5e—06 5.0e—07 4.2e-07 7.2e—05 5.0e—05
min|| Db
min| Db,

where b is the vector of unknown Chebyshev coefficients, V is the Chebyshev-Vandermonde matrix, and D is a diagonal po-
sitive-definite matrix with condition number O(n®). Intuitively speaking, the matrix V is made fat enough that it’s condition
number can be viewed to be a constant. So the condition number of the problem is essentially that of D. Such scaled min-
imum 2-norm problems can be solved by utilizing ideas suggested in [7] or [2]. Both these references are concerned with
diagonally weighted least-squares problems, but their approach can be readily adopted to the diagonally weighted minimum
2-norm problem. The last reference [2] in particular also has a stability analysis. More details can be found in [4]

The ideas presented here can also be generalized to handle noisy and redundant observations. These matters are reported
elsewhere [3].

4. Notations

In the sequel, ¢ > 1 will denote a fixed integer, and we will think of 27-periodic functions on R? as functions on [—7, 7]%,
tacitly identified with the q dimensional torus. Analogous to the univariate case, any function f : [-1,1]? — C, corresponds
uniquely to the 27-periodic function f° on R? by the standard correspondence

f(0q,...,04) =f(cos0,...,cosbg).

If x € RY, we write

q 1/p
{lek”} , if 1<p<oo,

max X/, if p=oco.
1<k<q

X], ==
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For brevity, we will use the same notation for vectors with different dimensions. If p = 2 then we write | - | to denote |- |,.
Although this does not constitute any formal conflict of notations, we hope that it will be clear from the context whether
the notation means the ¢* norm of a vector or the absolute value of a real number.

Let HY denote the class of all trigonometric polynomials in g variables with spherical order (or degree) at most n; i.e.,

Hi:=<¢ > axexp(ik-(0):aeC

KeZ® JKj<n

Here, we find it convenient to use the same notation even if n is not an integer. We note that our theory will work also if we
consider coordinatewise or total degree in place of spherical degree. However, since the Sobolev classes are defined in terms
of |K|, it is convenient in theoretical considerations to work with polynomials with different spherical degrees. It is not dif-
ficult to see that in the standard correspondence, multivariate algebraic polynomials on [-1,1)? correspond to the trigono-
metric polynomials of the same order which are symmetric in each of the variables. Therefore, in this paper, we focus mainly
in the interpolation of multivariate periodic functions. The results can also be applied trivially to the interpolation of func-
tions on [-1, 1]%, with suitable smoothness conditions defined in terms of the corresponding periodic function.
If1<p<oo,Kc[-mmn?andf:K — C are Lebesgue measurable, we write

{ [ F0)Pdx}', if 1< p< oo,

Fllose = 4 ess suplf(x)], if p=oo. 41)
xek
The symbol L*(K) denotes the class of all Lebesgue measurable functions f for which ||f]|, ; < oo, with the usual convention
that two functions are considered equal if they are equal almost everywhere. If K = [, 7]%, we will omit its mention from
the notations. If 1 < p < oo, we will write p’ := p/(p — 1), and extend this notation to p = 1,00 by setting 1’ = oo, oo’ = 1.
Analogous notations will be used to denote the L’ norms of functions defined on other sets; for example, subsets of R or
RY. We do not find it necessary to complicate our notations by using different notations to denote these nominally different
objects.
If f € L', the Fourier coefficients of f are defined by

F) = (217)'1 /[;n,nw Fx)exp(—ik-x)dx, ke Z°. (4.2)

If f € I?, then its degree of approximation from H{ is defined by
Eap(f) = Int I =TI,
Ifse€ R, 1< p< oo, the Sobolev class W? consists of all f € LP for which there exists f© € L? such that
FOK) = (K2 +1)%f(k), ke 79
We define
Fllwe = IF 1l (43)

and note that W? is a Banach space. We observe that if A is the Laplacian operator on R, and s is an even, positive integer,
then f© = (I — A)*?f, where I is the indentity operator. In particular, in this case, the operator f — f is a surface derivative
operator on the torus identified with [—7, 7t]?.

4.1. The constant convention

The symbols c, ¢y, ..., will denote generic positive constants, depending on such fixed parameters of the problem as p, s, g,
etc. and other quantities explicitly indicated, but their value may different at different occurrences, even within a single for-
mula. The notation A ~ B means that ¢c;A < B < c,A.

The following proposition, to be proved in Section 6.2, gives an integral representation of functions in W?.

Proposition 4.1. Let 1 < p < oo, s > q/p. Then there exists a function Ks € I[P such that

K (k) = (K?+1)2, kez9 (4.4)
If f € W2, then for almost all X € [-7, ]%,
00 - s | Kx-ySdy - o [ Ky -y, (45)
(21)" Jimp 2m)" Jim

In particular, f is almost everywhere equal to a continuous function. Denoting this continuous function again by f, we have for any
integern > 1,
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Il <cllfllwe:  Enco(f) < cn¥P=*|flys- (4.6)

As customary in the theory of interpolation, let Y be the interpolation matrix whose nth row Y, contains M, points
{¥in }j"i'; C [-m, m)%. We note that Y is not a matrix in the usual sense, it is only a visualization of our data, referred to as a
matrix to draw an analogy with the univariate case. If ¢ C [-7, 7] we define the separation radius 1(C) of C by

ne)=(1/2) inf |x—yl. (4.7)

X,YECXAY

We will simplify our notation, and write #,, := 3(Y,).

5. Main results

Our first theorem is an analogue of Theorem 2.1 for multivariate trigonometric polynomials and Sobolev norms rather
than the supremum norm. We will comment about the proof of this theorem towards the end of this section.

Theorem 5.1. Let 1 < p < 0,5 > q/p,Y be as described in Section 4. There exists an integer N* with N* ~ n;! and a mapping
P: WP — H]. such that for every f € W?,

P(f.Yin) =fWjn), J=1,.... My, (5.1)
and
If =P)llwp < cinf{[[f = Tlyp : T € HY. }. (52)

Theorem 5.2. We assume the set up as in Theorem 5.1. We consider the minimization problem

1/p
minimize {qu > pY (277:k/(3N*))|"} , (5.3)
0<k<3N*-1
where the minimum is over all P € H{,., such that P(y;,) = f(¥;,), j = 1,...,M,, and an appropriate interpretation is understood
in the case p = co. There exists a solution of this problem, T, = T;(p,Yn,f) € H}., such that IThllwe < cllfllwe-
We note that the problem (5.3) has a unique solution if p = 2, and in this case, the corresponding operator T}, is linear in f.
The proof of Theorem 5.2 is a simple consequence of Theorem 5.1 and a discretization inequality proved in Lemma 7.1.
The next theorem examines the convergence properties of the sequence {T;}. If K C [-7, 71]? and x € [, )7, we define

dist(K,x) := inlg X -y
ye

Theorem 5.3. Let 1 < p < 00,5 > q/p,f € WE, N* and T}, be found as in Theorem 5.2. If A is a subsequence of positive integers,
Xo € (7, 7], and
lim dist(Yy,Xo) = 0, (5.4)

neA

then
limT7, (Xo) = f(Xo).

neA

The proof of Theorem 5.3, as expected, is a compactness argument. We also need to estimate the discrete norm used in
(5.3) by the corresponding continuous norm. The necessary facts are stated in Lemmas 7.1 and 7.2.

The proof of Theorem 5.1 occupies a major part of this paper. Using an idea from [12], we will first prove the following
general theorem for the feasibility of matrix equations similar to (1.1).

Theorem 5.4. Let D > M > 1 be integers, A be a M x D matrix with complex entries, A* be its Hermitian conjugate. Let ||| - |||,
(respectively ||| - ||I;) be norms on CM (respectively, CP), and ||| - ||;; (respectively ||| - |||) be the corresponding dual norms. If there
exists Kk > 0 such that

llellly < xllAellp, ecCY, (5.5)

then for every f € CM, there exists b € CP such that
Ab =f, (5.6)
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and
[IIbllp < rl[If][lp- (5.7)
In order to apply Theorem 5.4, we will choose a suitable integer N*. With this choice, we choose M = M,, D to be the
dimension of Hy-, the matrix A to be (exp(—iK - ¥;,))<n:, j-1..m,» the norm ||| - |||, to be the dual norm of the norm
M
el = ||>_ciKstc = yp| (5.8)
= p
and
[Iblllp = || > (K +1)"*by exp(ik - o) (5.9)
Jk|<N*

p

Iff ¢ WP, and f € CM is the column vector with entries f(y;), then using the kernel representation (4.5), it is not difficult to
verify that

W€l < [UFllwe -

If (5.5) is satisfied then the conclusions (5.6) and (5.7) imply the existence of an interpolant in Hy- with the W? norm
bounded by a constant multiple of |f]|,,». The proof of Theorem 5.1 then becomes easy.

Thus, the proof of Theorem 5.1 depensds upon proving (5.5) with the value of N* as indicated in Theorem 5.1. As expected,
this involves a careful approximation of a function of the form G = Zj’ﬁlchs(o —y;) by elements of Hy:. This is given in The-
orem 6.3. The proof of this theorem is an adaptation of the ideas in [9,11,10]. In particular, this involves an estimation of the
coefficients of G in terms of the norm of G, as well as a good approximation bound on Kj.

6. Technical preparation

In this section, we present many technical results which are preparatory to the proof of the main results of Section 5. A
main ingredient in our proof of Theorem 5.1 is Theorem 6.3. Sections 6.1 and 6.2 are devoted to the proof of this theorem. In
Section 6.1, we introduce a localized kernel and the corresponding operator which will be used throughout this paper, and
prove a number of results regarding these. In particular, we use these results in Section 6.2 to prove Proposition 4.1 and
establish a few other facts related to the kernel K;.

6.1. Localized kernels

Let ¢ > 1 be an integer. For t > 0, and H : R? — R, we define formally

Y (H,Xx) := ZH(k/t) exp(ik-x), xeR%. (6.1)

kez1

We set ¥y (H,x) := H(0). If S > 1 is an integer, and H is S times continuously differentiable, we will use the notation

— — k
N(H) :=NsH) := (I)Efé”D HI|; -
The following theorem summarizes the important localization estimate for the kernel W¥,.

Theorem 6.1. Let S > q be an integer, b > 0, and H : R — R be an S times continuously differentiable function such that H(x) = 0
if x| = b.

(a) Forx # 0, x € [-m,w]?, bt > 1/2,

|W, (H; X)| < ctIA'(H) min{b?, (t|x|)"}, (6.2)

and for 1 < p < oo,
[P (H, o), < ct" N (H)(b7)' "4/ (6.3)

(b) Moreover, if
Hx) = oN(H) >0, and a< x| <ay, (6.4)

for suitable positive numbers a, a,a;, then fort > 1/2,
max |W:(H,X)| = W:(H,0) > ci(o,a,a)t'N(H). (6.5)
xe[-m,m)?
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Here, the constants denoted by c may depend upon q and S only.

We observe that the variable x in the localization estimate (6.2) is limited to a compact set, so that for any ¢ > 0, and
|X| > &, the interest in the estimate is the term t~5. We note too that the quantity (tx|)~* is the dominant term in (6.2) if
x| > 1/(b%°t), where t is a potentially large parameter.

The proof of this theorem is essentially the same as that of the univariate version of this theorem proved in [13]. We
reproduce it for the sake of completion.

For F e L'(R%), we define its Fourier transform by

F(x) = (217)q /Rq F(y)exp(—iy - x)dy, xe RI (6.6)

and the inverse Fourier transform by
F(x) = 5 F(y)exp(iy - x)dy, X e R’
The following well known proposition lists the properties of Fourier transform which we will need in this section.
Proposition 6.1.
(a) If both F and F are in L'(RY), then the Fourier inversion formula holds:

Fx) = F(x) = F(x), X e R

(b) If S = 1 is an integer, F is compactly supported, and is S times continuously differentiable then

Eo < NEEay < NE e pe, x=0. (6.7)
x| x|
(c) Let F e L'(RY). Then, if K := [—7, )%, we have
IFlly 0 = Y _IIF (o +27K) | < oo.
kez

In particular, the function
f(x) =) F(x+27nk)
kez?
is defined for almost all x € [-x, 71]%, f € L'(K) and flli & = IIFIl; ga- If F is S > q times continuously differentiable, then we have
the following Poisson summation formula valid for every x € [-m, 7t]%:

> F(m)exp(im-x) = > F(x+2nk), xe[-m 7" (6.8)

mez? kez4

Proof. Part (a)is given in [15, Chapter 1, Corollary 1.21]. Part (b) is a simple consequence of [15, Chapter 1, Theorem 1.1 and
formula (1.9)]. Part (c) follows from part (b) and [15, Chapter VII, Theorem 2.4 and Corollary 2.6]. O

Proof of Theorem 6.1. In this proof, we may assume without loss of generality that A'(H) = 1.

Since H is continuous and compactly supported, H € L'(R9). Also, the series in (6.1) is only a trigonometric polynomial,
and in particular, absolutely and uniformly convergent. Further, since H is S > g times continuously differentiable, we deduce
from Proposition 6.1 that both the Fourier inversion formula and the Poisson summation formula hold for all x € R9. Since
the Fourier transform of H(o/t) is given by t?H(to), we obtain

Wi(H;X) =t H(t(x+2km)), X € R (6.9)

kezq

Let bt > 1/2. Since H(k/t) = 0 if |k| > bt, and |{k € 7% |k| < bt}| < c(bt)Y, it clear that

P (H;X)| < c(bt)' A (H). (6.10)
Since H is S times continuously differentiable, we now use (6.9) and (6.7) to obtain for X € [-7, )7, x # 0,bt > 1/2,
1 ta-S 1
W (H;x)| < ety ———=c——+ctiS _— (6.11)
t i Ok 2knf X kezq.\zk\x o1 X+ 2K’
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Since |x|, < 7, we obtain for k € 79, k| > 1, that

x|

o+ 2k > x4+ 2kl > 27, > XL 2K 1) > T 20k - 1)

Therefore, for x € [—n, n)?, x # 0, we deduce that

Y Y s 2|k‘ —%g{kezq e

keczr X+ 2k7t| |x| =1 K= (2] -1y
Ik, >1
Since |{k: |Kk|_ <j} = (2j+ 1) for all j > 0, we have
q
{kez9: K, =j}=@2i+1)7—(2j—1) Z() )< e2j - 1)
=1
We conclude that
1 c & 1
— ke 20 Kl =} ——s= s> (2~ DT . (6.12)
K Sh0 Kr2kaf x4 D (2j x* Z @1
K|, >1
Since S > ¢, the infinite series in (6.12) converges. Therefore, (6.11)and (6.10) lead to (6.2).
To prove (6.3) with 1 < p < oo, let r = b5, Using (6.2) and our choice of r, we deduce that
[ rexorax- | )+ [ e (Hi) P
[~m,m)? {xe[-m,7)?, |x|<r/t} {xe[-m,n)?, x| =r/t}
< ¢4 (bt)® / dx + (t7°) / d—f < C3{(bt)qp(r/f)q + tW*S)P(r/t)"*SP}.
(xXeRY, [x|<r/t} xed, x>r/ty X[
In view of our choice of r, this leads to (6.3). This completes the proof of part (a).
If (6.4) holds, then (6.5) is an immediate consequence of the definitions. O
Iff € L', we define
1
o(H,f,X) .= —— Y (H,x —y)dy. 6.13
LX) = e | SR Xy (613)
An important consequence of (6.3) is the following.
Corollary 6.1. Let H be as in Theorem 6.1(a). Then for 1 < p < oo, f € LP, we have
loe(H.f)ll, < N (H) max(b'*, (b)) |f]|,, t>0. (6.14)

Proof. If 0 < bt < 1/2,6,(H,f) = H(0)f(0), and (6.14) is trivial. Let bt > 1/2. In view of (6.3), || W,(H, o), < cA/(H)(b")'"95.
The estimate (6.14) is now clear in the case p = oo, and follows from Fubini’s theorem in the case when p = 1. An application
of Riesz-Thorin theorem leads to the intermediate cases. [J

Our next major goal is to prove Theorem 6.2, which is required in the proof of Theorem 6.3. Let {yj}j’ﬁ1 cl-mafm=1
be an integer with

minly; -y, > 1/m. (6.15)
Jj#k

We note that this implies M < cm?. In the sequel, we will assume tacitly that {yj}j"fl is one of the members of a sequence of
finite subsets of [—m, 7t]?. Thus, M and m are variables, and the constants are independent of these.

Theorem 6.2. Let H be as in Theorem 6.1(a) and supported on {|X| < 1}. Let n > 1 be an integer, 1 < p < co, a € RM, and

Za, (Hx-y), xe[-mmn

(a) We have
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1/
IGall, < en? {1+ (m/n)*} " N (H) al,. (6.16)
(b)If (6.4) is satisfied, then there exist positive constants C; = Cq1(o,a1,a),c2 = C2(%,ay,a),c3 = c3(,a;,a) such that for
n>=Cm,
Cn P |Gall, < N(H)[al, < c3n |Gy, (6.17)
The proof requires a number of preparatory results.
Proposition 6.2. Let H be as in Theorem 6.1(a) and supported on {|X| < 1}. Let {yj}j"i1 C [-m,7]%, and m be the smallest integer
satisfying the minimal separation condition (6.15). For integer n > 1 and x € [-7, @t]%,

¥(H, X — ;)| < cn’(m/n)°N(H). (6.18)

Jx=yjl=1/m

Hence,
Z|‘I’ (Hx—yj)| < ch{l + (m/n) }N(H). (6.19)
In particular, if (6.4) is satisfied, then there exists C; = C1(o, a1,a) > O such that forn > Cim, ¢=1,...,M,

M
D Ia(H,y, — )| < (1/2)¥a(H,0). (6.20)

j=1
e

Proof. The proof of (6.18) is essentially an integration by parts argument, using an idea used often in the classical theory of
polynomial interpolation, given also in [17, Chapter V, Section 9] in a different context. Without loss of generality, we may
assume that A(H) = 1. In this proof only, let 7, = {j : k/m < [x —y;| < (k+ 1)/m}, k=1,2,...,. We note that since the min-
imal separation amongst y;’s does not exceed 1/m, there are at most ck?! elements in each 7. In view of (6.2), we have

o0
Wn(Hx -yl <cn® > (nx—y;)~° =cn’ SZZ|X Vi <entSm*y kT < enf(m/n),
Jx-yj|l=1/m Jix=yjl=1/m k=1jez,, k=1

where the convergence of the last series follows from the fact that S > q. This proves (6.18).
In light of (6.15), the number of y;'s with [x —y;| < 1/m is bounded independently of M and m. Hence, (6.5) implies that

Y [¥aHx-y)l<cn

Jx-yjl<1/m

Together with (6.18), this leads to (6.19). The estimate (6.20) follows from (6.5) and (6.18). O

Proposition 6.3. Let S > q be an integer, 1 < p < oo, {yj}j"il C [-m, )% and (6.15) be satisfied. For any integern > 1,and T € HY,
we have

(T, Tl < n?? {1+ (mmp} |7y, (6:21)

Proof. In this proof only, let h : [0,00) — [0, o) be a fixed, infinitely differentiable function, h(t) = 1if0 <t < 1/2, h(t) = 0 if
t > 1, and we choose H(x) := h(|x|). The constants will depend upon this h, but h being fixed in this proof, this dependence
need not be specified. A comparison of Fourier coefficients shows that for T € H,,

T(y) = -\ / TOOa(Hx—y)dy.

2m)? Jirmp

In view of (6.19), we obtain
M
> Ty < [Tl max, Zmn (H.x —y))| < en?{1+ (m/m* }T]|.
j=1

If f € L', we apply this estimate with ¢,,(H.,f) in place of T, and use Corollary 6.1 (with p = 1) to deduce that
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Zlaanf,y])l en?{ 1+ (m/m)° If,

In view of Corollary 6.1 (with p = ), it is clear that for f € L™,
max|oan(H.f, ¥)) < 102 (H. )l < lfl-

An application of Riesz-Thorin interpolation theorem now implies that for 1 < p < o, and f € I*,
M 1/p
{szn(H,f, y]-)"} <cnt® {1+ (mme} ") (6.22)
=1

If T € HY, then a comparison of Fourier coefficients shows that ¢,,(H,T) = T. Therefore, (6.22) implies (6.21). O
Proposition 6.4 below is perhaps well known. A proof can be found in [10, Proposition 6.1].

Proposition 6.4. Let M > 1 be an integer, A be an M x M matrix whose (i,j)th entry is A;j. 1 <p < oo, and f € [0,1). If

M M

DA< BAGL Y Al < BIAL T=1..M, (6.23)
i=1 i=1

i#] i#]

and A = min;icy|Aii| > O, then A is invertible, and

IA"'b|, < ((1-p)2)"'b|,, beR™ (6.24)
We are now in a position to prove Theorem 6.2.

Proof of Theorem 6.2. Without loss of generality, we may assume that A'(H) = 1. In view of (6.19), we have for x € [-7, ]9,

M
< S la ¥ Hx -y < ALY aHx -y < en?{1+ (m/n)*}al...

j=1 Jj=1
Thus,
IGall.c < en?{1+ (m/n) J[al...
Using (6.3), we see that
[Gnlly < ZI%HI‘P (H,o—y))ll; < clal;.
j=1

An application of Riesz-Thorin interpolation theorem with the operator a — Zj’ﬁ 16;¥n(H, 0 —y;) implies (6.16).

In the rest of this proof, the constants may depend upon the parameters o, ay,a in (6.4). In this proof only, let A be the
matrix whose (¢,j)th entry is Wn(H,y, —y;) and b € RM be defined by b, = G,(y,), £ =1,...,M. In view of (6.20), (6.23) is
satisfied with 1/2 in place of g, and in view of (6.5), we may choose 1 to be cn. Hence, Proposition 6.4 implies that A is
invertible, and

IA""b|, < cn~|b],.
Since, A"'b = a, we have proved that
a], < cn7i|b],. (6.25)

Since G, € HJ, we obtain from Proposition 6.3 that

1/p
Bl = [(Go(¥).- - GalWar))lp < en?? {1+ (m/m)°} Gl
Since n > C;m, this gives
Bl, < cn®? Gl

Together with (6.25), this leads to the second inequality in (6.17). The first inequality follows from (6.16) and the fact that
n>Cm. O
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6.2. Sobolev kernel

Our goal in this section is to prove Proposition 4.1 and Theorem 6.3, and establish a few other facts regarding the kernel
K;. In the sequel, we assume S > q is an integer, h : [0,00) — [0, 00) is a fixed, S times continuously differentiable function,
h(t)y=1if0<t <1/2,h(t)=0if t > 1, and h is nondecreasing on [0, o). We will write g(t) = h(t) — h(2t). Since h is fixed,
the dependence of various constants on h need not be indicated. We will simplify our notation and write W¥,(h) rather than
W, (h(] o)), and similarly for ¥, (g). It is elementary calculus to verify that the function x — h(|x|) satisfies all the conditions
of Theorem 6.1, including (6.4).

For s € R, we will write

Pos(x) = y_g(|kl/2")(K* + 1) exp(ik - ). (6.26)

kez

The following lemma lists some relevant properties of ¥,,;.

Lemma 6.1. Let s € R. We have for integer n > 0,

N n(a-s)

Y, (X)| <c————, xe[-mmn. 6.27

[Pns (X)] max(1. 2% [ ] (6.27)
Further,

max \‘Pns( ) = Pos(0) ~ 2", (6.28)

Xe[-7
and for 1 < p < oo,

sl < c2"@P). (6.29)

Proof. In this proof only, let g, (t) = g(t)/(t* + 1/n?)”%. Then for x € [-m, 71]",

Wis(X) = 27" Wy (g (| 0 ]), ). (6.30)

Each g,(] o |) satisfies the conditions of Theorem 6.1. Moreover, using the fact that g(t) = 0 for |t] < 1/4, it is easy to verify
that A(g,(] o |)) < c. Therefore, all assertions of the lemma follow directly from Theorem 6.1. O

Proof of Proposition 4.1. Since s > q/p, (6.29) used with p’ in place of p shows that

00 - o0
Sl < €320 < o
n=0 n=0

So, the sequence of trigonometric polynomials, defined by

X)=1+ XN}i‘n,s(x) =1+ ZNng(uq/z")a + [k*)"** exp(ik - X)
n=0

n=0kezq

converges in L”. All the sums in the above expression being finite sums, we obtain for N > 0,

N
X)=1+>> g(k|/2")(1 + [k[*)*? exp(ik - x) = > _h([k|/2")(1 + [k*)"*' exp(iK - ).
kez9n=0 kez
Ifk € 79, and 2" > 2[k], then h(|k|/2") = 1, and Py(k) = (1 + [k|*)"*. Denoting the L” -limiting function of Py by K;, it follows
that K, € [” and satisfies (4.4). Moreover, Py = g (h,Ks), and the bound on ||'¥y5[|,, in (6.29) used with p’ in place of p shows
that for N=0,1,2,...,

IKs — an (h, Ko, < Z [Pslly <c Z 2MaP=S) NPy (6.31)

n=N+1 n=N+1

Both sides of the first equation in (4.5) have the same Fourier coefficients, and hence, they are equal almost everywhere.
Similarly, a comparison of Fourier coefficients shows that K;(—x) = K(x) for almost all x. This implies the second equation in
(4.5).

For f € WP, a comparison of Fourier coefficients again shows that for integer m > 0,

Goym (huf X) = Goym (h7 I<Sv X— y)f(s> (y)dy

1 /
(2n)q J-mm)
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So, (6.31) implies that
o1 (h.f)ll < clf 1l

and

o2 (hf) = Gpn1 (0. ) < o2 (R Ks) = Goms (. K)lly If ], < 2™ 9P [f 9.

Since s > q/p, the series a1 (h,f) + 3°5_; (05m (b, f) — 0,m-1 (R, f)) converges uniformly. In this proof only, let F be the limiting
function. Then F is continuous, and a calculation shows that F (k) = f(K) for all k € 7. Therefore, F = f almost everywhere.
Choosing the continuous representer in the equivalence class of f to be f, the limit is f. Moreover,

Iflloc < llo1(h.f)] x+§:HUzm(hvf = 0y (W)l <l 22"“’/’” < allfl,.

This proves the first estimate in (4.6). The second estimate is proved in the same way. Let L be the smallest integer with
2! > n. Then

En,oc(f) < EZ".oc(.f) < Z Ho'zm (h7f) — Oy (hf)”x < CHf(s)Hp Z 2111(0/1375) < Clsz(S*Q/P)Hf(S)”p < CanI/Pszf(s)”p' O

m=L+1 m=L+1
Our proof of Theorem 5.1 requires the following theorem that describes an approximation of a typical element of the span
of {Ks(c —y;)}. We recall that the solution of the minimization problem (1.3) is in this span (with 2s in place of s).

Theorem 6.3. Let 1 < p < o0,S > q/p, {aj}j"i1 C R,G(X) = Zj"ilajks(x —Vj).x € [-m,m? and m > 1 be the smallest integer such
that miny, .y |y; — yi| = 1/m. Then there exists an integer N*, independent of G, such that N* ~ m and

IG = o (h, Gl < (1/2)[Gl - (6.32)

Proof. As in the proof of Lemma 6.1, in this proof only, we write g, (t) = g(t)/(t*> + 1/n%)"2. Then each g, (| o |) satisfies the
conditions of Theorem 6.1. Moreover, N'(g,(| o |)) < ¢, and (6.30) holds. In this proof only, let

M
Ga(X) ==Y q¥ns(X—V)) = 0y1(h,G,X) — 01 (h,G,X), X €[-7,7]".
j=1

Then (6.14) implies that |G, ||, < ¢||G||,,. Moreover, the proof of Proposition 4.1 shows that
G(x) — o, (h,G,X) ch (6.33)
with convergence in the sense of L7
In view of (6.30), (6.17) applied with W, (g,:) and p’ in place of p yields that for n > log,(C;m),
&2 |Golly < [al, < 2" Gl < 2"V G . (634)

We now choose L so that 2" is the smallest power of 2 exceeding C;m. Then the second inequality in (6.34), used with L in

place of n, gives
lal, <em® PG, me= |Gl . (6.35)

From (6.33), (6.34), and (6.35), we conclude that for 2V > Cym,

Iy <

o) e —Nels
IG — o (h, G|, < chnnp, claf, Y 27" < c(m27M) PG,

n=N

We now choose N so that 2" ~ m and the last term above is at most (1/2)|Gl|,, and set N* = 2. O
7. Proofs of the main results in Section 5
We start with the proof of Theorem 5.4.
Proof of Theorem 5.4. In this proof only, we find it convenient to denote the standard inner product on (complex) Euclidean

space C" by (o, 0), rather than by the dot notation o - o. The condition (5.5) implies that A is injective. Let W C C? be the
range of A*. Since A" is injective, the formula

x*(A'c) = (c,f),,.
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defines a linear functional x* on W. Using (5.5), we obtain that
sup{|x'(A"c)| : c € C", || A"c]|[[, < 1} = sup{|(c,f)y| : € € C¥, || A"c]|l, < 1} < sup{|(c,f)y| : € € ¥, [c]]]3
< K} < K[IE]lly- (7.1)
In view of the Hahn-Banach theorem, there exists a norm preserving extension y* of x* to C° (equipped with the norm
|l o ]ll5)- This extension can be identified with b € CP by the formula y*(d) = (d,b),.
Since (7.1) estimates the norm of x* on W with the norm ||| o |||, on CP, the dual norm is ||| o |||5. The fact that y* is a norm

preserving extension, together with (7.1), shows that |||b|||, < x|||f]||-
The fact that y* is an extension of x* means that for every ¢ € C",

(c,f), =x"(A"c) =y"(A’c) = (A"c,b), = (c,Ab),,.
This implies (5.6). O
We are now in a position to prove Theorem 5.1.

Proof of Theorem 5.1. In this proof, we fix n, and denote the nth row of Y by {y;,...,yu}. We choose the integer N* as in
Theorem 6.3 used with p’ in place of p. Let D be the dimension of HJ., and let A be the M x D matrix defined by
Ajx = exp(ik-y;), K| <N, j=1,...,M. It is not difficult to verify using (6. 34) that the expressions

Zcﬂ@(o -y)
j=1

cec” (7.2)

el :

and

ld[llp = || > (K[> +1)"*dy exp(ik - o)| , decC” (7.3)

[k|<N*

p
define norms on the Euclidean spaces as indicated. In this proof, if F € L?, we define

1
[ Fwx-yiay

=Y FK)(k* + 1) exp(ik - X) = 2y

kez?

We verify the condition (5.5) on the adjoint of A. Let ¢ € C¥, G(x) = Zj"ilchs(x —y;). Without loss of generality, we may
assume that ||G||, # 0. In view of (6.32), there exists F € L” such that ||F||, < 1 and

x 1 —
el =Gl < 2llon(h, Gl < ZW /[ . oy (h, G, X)F(x)dx. (7.4)
Let P(X) = gy (h,F*,X) = 34 .y-di exp(ik - X). Then
P(y;) = (Ad);, j=1,....M. (7.5)

Moreover, in view of Corollary 6.1 and the definition (7.3), we deduce that
dlllp = llon (F)ll, < clIFl, <c. (7.6)

Finally, a straightforward calculation shows (keeping in mind that all the sums below are finite sums) that

1 . 1 ' .
@ /[%n]q o (h,G,X)F(X)dx = Zh( )Zc, K +1)" exp(—lk-yj)W /Hm]q F(x) exp(—ik - x)dx

kez4
k .
—ZcJZh( )+ 1) il exp(-ik-y)
T ket
M -
=Y 6> oy (h,F) (k) exp(-ik-y;) = ch ))- (7.7)
j=1 kezq

Together with (7.4), the last three equations show that for any ¢ € €V,

clln 1 ey T N |
150 < o [ o (h.Gox)Fax - Zc, ) = chAd S (e < IA°Cl 14l < clIACll,

2r [~m.a]! |k|<N*

Thus, the matrix A satisfies the conditions of Theorem 5.4 with x := 2c.
We now choose T € HJ. such that

If ~ Tllwp < 20nf{If — Tlhyp : T € WY, ).
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Let f € CM be the vector defined by f; =fy;) - T(y), j=1,...,M. In view of Theorem 5.4, there exists b € CP such that
Ab =f, and

bl < w11l (7.8)

Let Q € H}, be defined by Q(x) = 3", bk exp(ik - ). The definition (7.3) is designed so that ||[b|||, = ||Q“

= [|Q[lwr- We need
to estimate |||f||,;. Using the definition of the dual norm (7.2), we find ¢ € C¥ such that

Il

Mo
IElly < 2D (F(y) = T(y)),
=

and

M

S GKi(o—y))

Jj=1

<1

i

el =

In view of the representation identity (4.5), and recalling that K; is a real valued and symmetric kernel, we have

1 M 1 M . M
3 Il < 3 6 0) =T = 50 /[ i {qus(x - yj)}{f( %) = TY0ydx < ||>Ks(e =y If = Tl
= -7, j=1 =1 4
< W = Tllwe-

Therefore, (7.8) implies that

1Qllwe < 2K — Tllye. (7.9)
We now define P(f,x) = T(x) + Q(x). It is easy to verify that

P(f,y;) = T(y;) + Q) = T(y;) +f; = T(y) +fy;) - T(y) =f(y;), j=1,....M,
In view of our choice of T and (7.9)

IF =PF)llwe < If = Tllwe + 26lf = Tllye < 2 +4K)Iinf{|[f = Tllyr : TeHE}. O

In order to deduce Theorem 5.2 from Theorem 5.1, we need the following lemma.
Lemma 7.1. For integer n > 1,1 < p < oo, and T € HY, we have
1 1/p
{nq 3 T(znk/an))"} ~ 1Tl (7.10)
0<k<3n-1

Proof. When q = 1, (7.10) is the classical Marcinkiewicz-Zygmund inequality [17, Chapter X, Theorems 7.5 and 7.28]. If
T € HY, then T is a trigonometric polynomial of coordinatewise order at most n. So, in the case when q > 1, one obtains
(7.10) by applying its univariate version to each of the variables separately. O

Proof of Theorem 5.2. In view of Theorem 5.1 and Lemma 7.1, we have

1/p
{1 > IP(f)“)(an/(f’vN*))”} < CPA)llwe < cllfllwe-

+q
N™ oS

So, the minimization problem (5.3) has a feasible solution. Since Hj,. is a finite dimensional space, this implies that the prob-
lem has a solution. O

The proof of Theorem 5.3 uses the following lemma. This lemma is proved in much greater generality in [8, Theorem 3.2,
Chapter 15].

Lemma 7.2. Let 1 < p < oo, §' > 0. Then for any c > 0, the set

Beyp = {f € [P : sup2™ E,(f) < c}

n=1

is compact in LP.
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Proof of Theorem 5.3. We observe that in view of (4.6) and the fact that ||T;|ly» < c[lflly» for all n, the sequence
{T;} CBcs_q/p for a suitable constant c. Let A; be any subsequence of A. Then Lemma 7.2 shows that the sequence
{T}nea, has a subsequence {T,},.,,, which converges uniformly. Let P be the limit of this subsequence. We will show that
if (5.4) is satisfied, then P(Xp) = f(Xo). Let € > 0 be arbitrary. Since P and f are continuous on [-7, ]?, there is § > 0 such that

fx) —f(y)l <€/3, [P(x)—P(y)|<e¢/3, forallx,ye[-mn? [x-y|/<d.

Further, there exists N so thatn > N,n € A, imply that ||P — T |, < €/3.Inview of (5.4), there exists n € A;,n > N such that
some point y;, € Y satisfies |y;, — Xo| < 6. Then f(y;,,) = T,(¥;,), and we have

If (%0) = P(Xo)| < If (X) = f(¥j)| + [f (¥jn) = Ta(Win)| + [T (Vi) = P¥;n)l + [P(Yn) — P(Xo)| < €/3 4+ 0+ [T, — Pl  +¢/3
<E€

Since this is true for every subsequential limit of T}, n € A, this completes the proof of the theorem. O
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