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Algorithms to Solve
Hierarchically Semi-separable Systems

Zhifeng Sheng, Patrick Dewilde and Shivkumar Chandrasekaran

Abstract. ‘Hierarchical Semi-separable’ matrices (HSS matrices) form an im-
portant class of structured matrices for which matrix transformation algo-
rithms that are linear in the number of equations (and a function of other
structural parameters) can be given. In particular, a system of linear equa-
tions Az = b can be solved with linear complexity in the size of the matrix,
the overall complexity being linearly dependent on the defining data. Also,
LU and ULV factorization can be executed ‘efficiently’, meaning with a com-
plexity linear in the size of the matrix. This paper gives a survey of the main
results, including a proof for the formulas for LU-factorization that were orig-
inally given in the thesis of Lyon [1], the derivation of an explicit algorithm for
ULV factorization and related Moore-Penrose inversion, a complexity analysis
and a short account of the connection between the HSS and the SSS (sequen-
tially semi-separable) case. A direct consequence of the computational theory
is that from a mathematical point of view the HSS structure is ‘closed’ for a
number operations. The HSS complexity of a Moore-Penrose inverse equals
the HSS complexity of the original, for a sum and a product of operators the
HSS complexity is no more than the sum of the individual complexities.
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1. Introduction

The term ‘semi-separable systems’ originated in the work of Gohberg, Kailath
and Koltracht [2] where these authors remarked that if an integral kernel is ap-
proximated by an outer sum, then the system could be solved with a number of
operations essentially determined by the order of the approximation rather than
by a power of the number of input and output data. In the same period, Green-
gard and Rokhlin [3, 4] proposed the ‘multipole method” where an integral kernel
such as a Green’s function is approximated by an outer product resulting in a
matrix in which large sub-matrices have low rank. These two theories evolved in
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parallel in the system theoretical literature and the numerical literature. In the
system theoretical literature it was realized that an extension of the semi-separable
model (sometimes called ‘quasi-separability’) brings the theory into the realm of
time-varying systems, with its rich theory of state realization, interpolation, model
order reduction, factorization and embedding [5]. In particular, it was shown in [6]
that, based on this theory, a numerically backward stable solver of low complexity
can be derived realizing a URV factorization of an operator T, in which U and V'
are low unitary matrices of state dimensions at most as large as those of T" and R is
causal, outer and also of state dimensions at most equal those of T'. Subsequently,
this approach has been refined by a number of authors, a.o. [7, 8, 9].

Although the SSS theory leads to very satisfactory results when applicable,
it also became apparent in the late nineties that it is insufficient to cover major
physical situations in which it would be very helpful to have system solvers of
low complexity — in wiew of the often very large size of the matrices involved. Is
it possible to extend the framework of SSS systems so that its major properties
remain valid, in particular the fact that the class is closed under system inversion?
The HSS theory, pioneered by Chandrasekaran and Gu [10] provides an answer
to this question. It is based on a different state space model than the SSS theory,
namely a hierarchical rather than a sequential one, but it handles the transition
operators very much in the same taste. Based on this, a theory that parallels the
basic time-varying theory of [5] can be developed, and remarkably, many results
carry over. In the remainder of this paper we recall and derive some major results
concerning system inversion, and discuss some further perspectives. The remainder
sections of this introduction are devoted to a brief summary of the construction
of SSS systems which lay at the basis of the HSS theory. In the numerical liter-
ature, the efforts have been concentrated on ‘smooth’ matrices, i.e., matrices in
which large sub matrices can be approximated by low rank matrices thanks to the
fact that their entries are derived from smooth kernels [11, 12]. Both the SSS and
HSS structures are more constrained than the ‘H-matrices’ considered by Hack-
busch a.o., but they do have the desirable property that they are closed under
inversion and fit naturally in a state space framework. In the sequel we explore in
particular the state space structure of HSS systems, other structures such as hier-
archical multi-band decomposition have also been considered [13] but are beyond
the present scope.

Our basic context is that of block matrices or operators T = [T; ;] with rows
of dimensions ...,m_1 ,mg,m1,... and column dimensions ...,n_1,ng,N1,....
Any of these dimensions may be zero, resulting in an empty row or column (matrix
calculus can easily be extended to cover this case, the main rule being that the
product of a matrix of dimensions m x 0 with a matrix of dimensions 0 x n results in
a zero matrix of dimensions m x n). Concentrating on an upper block matrix (i.e.,
when T; ; = 0 for ¢ > j), we define the the degree of semi-separability of T as the
sequence of ranks [d;] of the matrices H; where H; is the sub-matrix corresponding
to the row indices . ..,n;_2,n;—1 and the column indices m;, m;41,.... H; is called
the ith Hankel operator of the matrix T'. In case of infinite-dimensional operators,
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we say that the system is locally finite if all H; have finite dimensions. Corre-
sponding to the local dimension ¢; there are minimal factorizations H; = C;O;
into what are called the it controllability matriz C; and observability matrix O;,
of dimensions (3°,°; ;my) X & and & x (D_p—; nk). Connected to such a sys-
tem of factorizations there is an indexed realization { 4;, B;, C;, D;} of dimensions
{8i X 8541, mi X 831, 8; X0y, my; X, } constituting a local set of ‘small’ matrices with
the characteristic property of semi-separable realizations for which it holds that

C; = B; 24, 1 s 0O, = [ C; Aic’i+1 AiAZ-JrlC’HQ c.. }
B; 1
Ti,j = Di for ) :j
T;,j = BiAi+l v Aj_le for 1 < J.

(1.1)
The vector-matrix multiplication y = uT" can be represented by local state space
computations
{ Tiv1 = A +uB; (1.2)
The goal of most semi-separable computational theory (as done in [5]) is to perform
computations with a complexity linear in the overall dimensions of the matrix, and
some function of the degree §;, preferably linear, but that is often not achievable
(there is still quite some work to do on this topic even in the SSS theory!). The
above briefly mentioned realization theory leads to nice representations of the orig-
inal operator. To this end we only need to introduce a shift operator Z with the
characteristic property Z; ;41 = I, zero elsewhere, where the dimension of the unit
matrix is context dependent, and global representations for the realization as block
diagonal operators {A = diag[A;], B = diag[B;|, C = diag|C;], D = diag[D;]}. The
lower triangular part can of course be dealt with in the same manner as the up-
per, resulting in the general semi-separable representation of an operator as (the
superscript ‘H’ indicates Hermitian conjugation)

T=B2Z91-A2""'Co+ D+ B, Z(I - A Z)"'C, (1.3)

in which the indices refer to the lower, respect. upper semi-separable decompo-
sition. In general we assume that the inverses in this formula do exist and have
reasonable bounds, if that is not the case one has to resort to different techniques
that go beyond the present exposition. In the finite-dimensional case the matrix
(I — AZ) takes the special form when the indexing runs from 0 to n (for orientation
the 0,0 element is boxed in):

I A
I A
(I-AZ) = (1.4)
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one may think that this matrix is always invertible, but that is numerically not
true, how to deal with numerical instability in this context is also still open terri-
tory.

The SSS theory (alias time-varying system theory) has produced many re-
sults paralleling the classical LTI theory and translating these results to a matrix
context, (see [5] for a detailed account):

o System inversion: T = URV in which the unitary matrices U, V and the outer
matrix R (outer means: upper and upper invertible) are all semi-separable of
degree at most the degree of T';

o System approximation and model reduction: sweeping generalizations of clas-
sical interpolation theory of the types Nevanlinna-Pick, Caratheodory-Fejer
and even Schur-Takagi, resulting in a complete model reduction theory of the
‘AAK-type’ but now for operators and matrices;

o Cholesky and spectral factorization: T = FF* when T is a positive operator,
in which F' is semi-separable of the same degree sequence as T" — a theory
closely related to Kalman filtering;

e and many more results in embedding theory and minimal algebraic realization
theory.

2. Hierarchical semi-separable systems

The Hierarchical Semi-Separable representation of a matrix (or operator) A is a
layered representation of the multi-resolution type, indexed by the hierarchical
level. At the top level 1, it is a 2 x 2 block matrix representation of the form
(notice the redefinition of the symbol A):

A1 A
A= | At 2.1
[ Aro1 Aiop } (2.1)

in which we implicitely assume that the ranks of the off-diagonal blocks are low
so that they can be represented by an ‘economical’ factorization ("H’ indicates
Hermitian transposition, for real matrices just transposition), as follows:

Dy U1 B2 Vith
A= ' ESS e 2.2

{ UraBia 1 Vi Di;o (2:2)
The second hierarchical level is based on a further but similar decomposition of
the diagonal blocks, respect. Dy;; and Dq;s:

[ Dsq U2;1Bz;1,2V2€IQ }

D1<1 =
H
Uz;2B2,2,1 V5.3 Do

)

H
Do.3 Uz;3Ba:3.4V5

)

Dq.o = 2.3
1,2 |:U2;4BQ;4,3‘/21;{3 Doy } (2.3)
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F1Gure 1. HSS Data-flow diagram for a two level hierarchy rep-
resenting operator-vector multiplication, arrows indicate matrix-
vector multiplication of sub-data, nodes correspond to states and
are summing incoming data (the top levels fy and go are empty).

for which we have the further level compatibility assumption (the ‘span operator’
refers to the column vectors of the subsequent matrix)

span(U11) C span ({ Ug%l D & span ([ USQ D , (2.4)

span(Vi,) C span({ Yau D @Span({ VS;Q D etc. (2.5)

This spanning property is characteristic for the HSS structure, it allows for a
substantial improvement on the numerical complexity for, e.g., matrix-vector mul-
tiplication as a multiplication with the higher level structures always can be done
using lower level operations, using the translation operators

Uz2i-1R2.2i—1 )
U s ’ ’ ) = 17 23 2.6
L [ Us.2; R2.:2; } ‘ (2:6)
Vaoic1Waizia )
V qo= ’ ’ 5 == 1, 2 27
L [ Va,0iWa.o; } ! (2.7)

Notice the use of indices: at a given level ¢ rows respect. columns are subdivided
in blocks indexed by 1,...,i. Hence the ordered index (i; k, £) indicates a block at
level ¢ in the position (k,¢) in the original matrix. The same kind of subdivision
can be used for column vectors, row vectors and bases thereof (as are generally
represented in the matrices U and V).

In [14] it is shown how this multilevel structure leads to efficient matrix-vector
multiplication and a set of equations that can be solved efficiently as well. For the



260 Z. Sheng, P. Dewilde and S. Chandrasekaran

sake of completeness we review this result briefly. Let us assume that we want
to solve the system T'x = b and that T has an HSS representation with deepest
hierarchical level K. We begin by accounting for the matrix-vector multiplication
Tz. At the leave node (K;i) we can compute

H
9 = Vi, TKie
If (k;4) is not a leaf node, we can infer, using the hierarchical relations
H H H
ki = Vk;ixk;i = Wk+1;2i719k+1;2i71 + Wk+1;2igk+1;2i-

These operations update a ‘hierarchical state’ gi; upward in the tree. To com-
pute the result of the multiplication, a new collection of state variables { fx.;} is
introduced for which it holds that

biyi = Thiii + Uksi [
and which can now be computed recursively downward by the equations

Jevr2i-1 | _ | Brar2i-1,2i9k+1;20 T Regri2i-1fr
Sfrt1;2i Brt1:2i,2i-19k+1;2i—1 + Rrev12 fri |

the starting point being fo. = [], an empty matrix. At the leaf level we can now
compute (at least in principle — as we do not know z) the outputs from

bri = Dr.ivry +Ukifri

The next step is to represent the multiplication recursions in a compact form using
matrix notation and without indices. We fix the maximum order K as before. We
define diagonal matrices containing the numerical information, in breadth first
order:

D = diag[DK;i]i:LmyK, W = diag[(Wl;i)i:Lg, (WQ;i)i:1-~-4a .. .], etc.

Next, we need two shift operators relevant for the present situation, much as the
shift operator Z in time-varying system theory explained above. The first one is
the shift-down operator Z| on a tree. It maps a node in the tree on its children
and is a nilpotent operator. The other one is the level exchange operator Z.,. At
each level it is a permutation that exchanges children of the same node. Finally, we
need the leaf projection operator P}, ¢ which on a state vector which assembles in
breadth first order all the values fx.; produces the values of the leaf nodes (again in
breadth first order). The state equations representing the efficient multiplication
can now be written as
{ g = PféafVHX + ZlHWHg (2.8)
f = RZf + BZ.g '
while the ‘output’ equation is given by

b = Dx + UPleaff' (2.9)
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This is the resulting HSS state space representation that parallels the classical
SSS state space formulation reviewed above. Written in terms of the hidden state
space quantities we find

T e JIE] [T ] e

The state quantities can always be eliminated in the present context as (I — WZ))
and (I — RZ)) are invertible operators due to the fact that Z| is nilpotent. We
obtain as a representation for the original operator

Tx = (D + UPju(I —RZ))'BZ_(I - Z[[W)'P{l VT)x=b. (2.11)

3. Matrix operations based on HSS representation

In this section we describe a number of basic matrix operations based on the HSS
representation. Matrix operations using the HSS representation are normally much
more efficient than operations with plain matrices. Many matrix operations can
be done with a computational complexity (or sequential order of basic operations)
linear with the dimension of the matrix. These fast algorithms to be described are
either collected from other publications [14, 10, 1, 15] or new. We will handle a
somewhat informal notation to construct new block diagonals. Suppose, e.g., that
R4 and Rp are conformal block diagonal matrices from the description given in
the preceding section, then the construction operator inter[R 4|Rp| will represent
a diagonal operator in which the diagonal entries of the two constituents are block-
column-wise intertwined:

inter[RA|RB] = dlag [[ RA;l;l RB;I;I } 5 [ RA;1;2 RB;1;2 ] 5 [ RA;2;1 RB;Z;I } I ] .
Block-row intertwining
. . Wa W2 W2
inter|W 4|W | = dia, ” , ” , “ R I
(WalWo] & H } [ Whi1:2 } { Whi2a } }

matrix intertwining is defined likewise.

3.1. HSS addition

Matrix addition can be done efficiently with HSS representations. The addition
algorithm for Sequentially semi-separable representation has been presented in
[16]. The addition algorithm for HSS representation which has been studied in [1]
is quite similar.

3.1.1. Addition with two commensurately partitioned HSS matrices.
When adding two HSS commensurately partitioned matrices together, the sum
will be an HSS matrix with the same partitioning. Let C = A + B where A is
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defined by sequences Ua, Va, Da, Ra, W4 and B4 ; B is defined by sequences

Ug, VB, D, Rp, Wp and Bp.

. Ry 0
R = inter 0 Rs }
. Wy 0
W = inter [ 0 Wy }
_. [ Ba 0 (3.1)
B¢ = inter = 0 Bp }
Uc:inter_ UA UB
V¢ = inter I Vi Vg
De =Dy + Dp.

The addition can be done in time proportional to the number of entries in the
representation. Note that the computed representation of the sum may not be
efficient, in the sense that the HSS complexity of the sum increases additively. It
is quite possible that the HSS representation is not minimal as well, as is the case
when A = B. In order to get an efficient HSS representation, we could do fast
model reduction (described in [15]) or compression (to be presented later) on the
resulting HSS representation. However, these operations might be too costly to be
applied frequently, one could do model reduction or compression after a number of
additions.

3.1.2. Adaptive HSS addition. When two HSS matrices of the same dimensions
do not have the same depth, leaf-split or leaf-merge operations described in [15]
are needed to make these two HSS representations compatible. Note that we have
two choices: we can either split the shallower HSS tree to make it compatible with
the deeper one, or we can do leaf-merge on the deeper tree to make it compatible
with shallower one. From the point of view of computation complexity, leaf-merge
is almost always preferred since it amounts to several matrix multiplications with
small matrices (ideally); leaf-split needs several factorization operations which are
more costly than matrix multiplications. However, this does not imply leaf-merge
should always be used if possible. Keeping in mind the fact that the efficiency of
the HSS representation also comes from a deeper HSS tree with smaller translation
matrices, the HSS tree should be kept deep enough to capture the low rank off-
diagonal blocks. On the other hand, it is obviously impossible to always apply
leaf-merge or leaf-split, because one HSS tree may have both a deeper branch and
a shallower one than the other HSS tree does.

3.1.3. HSS addition with rank-m matrices. The sum of a level-n hierarchically
semi-separable matrix A and a rank-m matrix UBV*H is another level-n hierar-
chically semi-separable matrix A’ = A+ UBV . A rank-m matrix has an almost
trivial HSS representation conformal to any hierarchical scheme. With such a rep-
resentation the HSS addition described in Section 3.1.1 is applicable.

In order to add two matrices together, the rank-m matrix should be repre-
sented in a form compatible with the HSS matrix. That is, the rank-m matrix
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will have to be partitioned recursively according to the partitioning of the HSS
matrix A.

Let us first denote U as Uy, V as Vy.1, UBVH as Dy.1. We partition U and
V according to the partition of matrix A as follows:
for k=0,1,2,...,nand i € 1,2,...,2%:

U — Uk+1:2i—1 Vo — Vit1,2i—1
k;i - U k};i - V
k152 t-1:24

Then at the first level of the partition:

UiaBV U BVi }

H __
UO;1BV0;1 - [ U1;2BV11311 U1;2BV1{{2

and following levels are given by:

Theorem 1. The level-n HSS representation of the rank-m matriz UBVH is:
fork=1,2,....n;i€1,2,...,2% and (i) =i+ 1 for odd i, (i) =i — 1 for even i:

Dy = UpiBVL Ry =1
Wi =1 Bhriw =B (3.2)
Uk;i = Uk;i Vk;i = Vk;i

Dy.; are again rank-m matrices, assuming recursive correctness of this constructive
method, Dy.; can also be partitioned and represented recursively.

Other ways of constructing HSS representations for rank-m matrices are pos-
sible. One is to firstly form a one-level HSS representation for the rank-m matrix
and then use the leaf-split algorithm [15] to compute its HSS representation ac-
cording to certain partitioning. In principle, this method leads to an efficient HSS
tree in the sense that its column bases and row bases are irredundant. However,
this method needs much more computations. If m is reasonably small, the method
described in this section is recommended.

3.1.4. HSS addition with rank-m matrices with hierarchically

semi-separable bases.
In HSS representations, the column bases and row bases of the HSS nodes are not

explicitly stored. This means when we compute A=A+UBVH , U and V are
probably not explicitly stored, instead, they are implicitly stored with the formulas
(2.6) and (2.7).

We can of course compute these row bases and column bases and then con-
struct an HSS representation for UBVH with the method described in the last
subsection. This is not recommended because computing U and V may be costly
and not memory efficient.

Theorem 2. Suppose U and V' are defined in HSS form, the HSS representation
of UBVH is given by the following formulas:



264 Z. Sheng, P. Dewilde and S. Chandrasekaran

fork=23,....n;i€1,2,...,2%; and (i) =i+ 1 for odd i, (i) =i—1 for even i:

/Wm =1 /W1;2 =1 ]§1;1 =1
Rip =1 Bin2 =B Bip1 =8

— : _ : — B o H
Wisi = Wieriri1 Bri = Brmrirgy Brity = Biovir 1 Be-nr sy Wi i
Un;i = Un;iRn;i Vn;i = Vn;iWn;i Dn;i = n,anJ;],((;DVnH’Z

(3.3)

After having the HSS representation of UBV*, the sum can be computed
easily using the HSS addition algorithm described in Section 3.1.1.

3.2. HSS matrix-matrix multiplication

Matrix-matrix multiplication can also be done in time linear with the dimensions
of the matrices. The product C' = AB is another hierarchically semi-separable
matrix.

A is a HSS matrix whose HSS representation is defined by sequences U4, Va4,
DA7 RA, WA, and BA.

B is a HSS matrix whose HSS representation is defined by sequences Ug, V35,
DB, ‘RB7 VVB7 and BB.

3.2.1. Multiplication of two commensurately partitioned HSS matrices. When two
HSS matrices are compatible, that is, they are commensurately partitioned, we
can get the HSS representation of the product with the following algorithm. The
algorithm was originally given with proof in Lyon’s thesis [1].

The notations F' and G to be used in following paragraphs represent the
intermediate variables representing intermediate states in computing the HSS rep-
resentation of C. They can be computed using the recursive formulas (3.4) to
(3.7).

F.0i—1 represents the F' intermediate variable propagated to the left children;
similarly, Fj.2; represents the intermediate F' propagated to the right children.
G;;2i—1 represents the intermediate variable G coming from the left children; while
G;;2; represents the intermediate variable G coming from the right ones. At last,
G represents the variable G calculated at leaves.

We first define the intermediate variables recursively via:

Definition 1. For the multiplication of two level-n HSS matrices the upsweep re-
cursion is defined as:
foriel,2,...2™:

Gn;i = V,Liln;iUB;n;i (34)
fork=mn,...,2,1andic1,2,...,2~:

H H
kal;i = WA;k;Qifle;QiflRB;k;2i—1 + WA;k;Qin;QiRB;k§2'L-' (35)
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Definition 2. For the multiplication of two level-n HSS matrices the downsweep
recursion is defined as:

for (i,7) = (1,2) or (2,1):

Fii = Bai jGujBpija (3.6)
foric1,2,...,2% j=i41 foroddi, j=i—1 for eveni and k =2,...,n:
Fii = BA;k;i,ij;jBB;k;j,i + RA;k;ikal;(;']Wg;k,i- (3-7)

Theorem 3. The HSS representation of the product is:
foriel1,2,...,2"

ﬁn;i = Dan;iDpin;i + UA?"ﬂF"?iV]g”?i
gn;i = [ Uainii DamiiUbini ] (3:8)
V = [ Dg;n;iVA;n;i VB;”ﬂ }

—

fork=1,2,... ,n;i€1,2,...,2" and j =i+ 1 for odd i, j =i —1 for even i:
Ek;i — |: RA§k;i BA;k;i,ij;jRB;k;j :|

0 RB;k;i
T WA;k;i 0
Wlm B [ Bg;j,inH;jWA;k;j WB;k;i } (3'9)
§k~' - Baksig RA;k;ikal;(gWg;k;j
" 0 Bpiksig '

Once again, the complexity of the HSS representation increases additively.
Model reduction or compression may be needed to bring down the complexity.
Note that, the algorithm above is given without proof. For a detailed proof and
analysis, we refer to [1].

3.2.2. Adaptive HSS Matrix-Matrix multiplication. Adaptive multiplication is
needed when two HSS matrices are not completely compatible, then leaf-split and
leaf-merge are needed to make them compatible. The comment given in Section
(3.1.2) for adaptive addition also applies here.

3.2.3. HSS Matrix-Matrix multiplication with rank-m matrices. A is a level-n
HSS matrix whose HSS representation is defined by sequences Uy, Va, D4, R4,
Wa, and Bs. UBVH is a rank-m matrix. The product AUBVH is also a level-n
HSS matrix.

As we mentioned in Section 3.1.3, a rank-m matrix is a hierarchically semi-
separable matrix and can be represented with a HSS representation. Then we can
easily construct the HSS representation for the rank-m matrix and then perform
the HSS Matrix-Matrix multiplication. This is the most straightforward way. How-
ever, making use of the fact that the translation matrices (R, W) of the rank-m ma-
trix are identity matrices, the Matrix-Matrix multiplication algorithm can be sim-
plified by substituting the Rp and Wp matrices in Section 3.2.1 with I matrices.

Again, because the complexity has been increased additively, compression or
Model reduction could be helpful.
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3.3. HSS matrix transpose

The transpose of a level-n HSS matrix will again be a level-n HSS matrix. Suppose
the HSS matrix A is given by sequences B, R, W, U, V, D; it is quite easy to verify
that

Theorem 4. the HSS representation of the transpose A is given by the sequences:

fork=1,2,...,n;i€1,2,....28 and j =i+ 1 for odd i, j =i — 1 for even i:
Dii=DH.  Upi=Vii Vi = Upss
Akv k,z Ak: k: Akv k: (310)
Whiii = Ry Riyg = Wi By j = Bi,

335"

3.4. Generic inversion based on the state space representation

A state space representation for the inverse with the same state complexity can
generically be given. We assume the existence of the inverse, the same hierarchical
partitioning of the input and output vectors x and b, and as generic conditions the
invertibility of the direct operators D and S = (I + BZHPI}éafVHDflUPleaf),
the latter being a (very) sparse perturbation of the unit operator with a local (that

is leaf based) inversion operator. Let L = PféafVHD_lUPleaf’ then we find

Theorem 5. Under generic conditions, the inverse system T~' has the following
state space representation

] (][5 )
LS L i

and the output equation
X = —D 7 'UPutf + D 'b. (3.12)

The proof of the theorem follows from inversion of the output equation which
involves the invertibility of the operator D, and replacing the unknown x in the
state equations, followed by a segregation of the terms that are directly dependent
on the states and those that are dependent on the shifted states leading to the
matrix [ _BI 7 II' } whose inverse is easily computed as the first factor in the
right-hand side of the equation above. It should be remarked that this factor only
involves operations at the leaf level of the hierarchy tree so that the given state
space model can be efficiently executed (actually the inversion can be done using
the original hierarchy tree much as is the case for the inversion of upper SSS

systems).
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Having the theorem, we can derive a closed formula for 7! assuming the
generic invertiblity conditions.

T~' = D' =D 'UPp,y
-1
HywH\—1pH 1y-1
BZ_(I-zwWH)7pfl vID™. (3.13)

The equation given is a compact diagonal representation of 77!, it also proves
that the inverse of an invertible HSS matrix is again a HSS matrix of comparable
complexity.

3.5. LU decomposition of HSS matrix

The formulas to compute the L and U factors of a square invertible matrix T = LU
in HSS form were originally given without proof in the thesis of Lyon [1] (they
were checked computationally and evaluated in the thesis). Here we reproduce
the formulas and give proof. The assumptions needed for the existence of the
factorization are the same as is in the non-hierarchical case: a hierarchical tree
that is n deep, the 2™ (block-) pivots have to be invertible.

The ‘generic’ situation (which occurs at each level in the HSS LU factoriza-
tion) is a specialization of the classical Schur inversion theorem as follows:
we are given a matrix with the following ‘generic’ block decomposition

Dy Uy B2 Vi

T =
U By Vi Dp

(3.14)
in which D4 is a square invertible matrix, Dp is square (but not necessarily
invertible), and T is invertible as well. Suppose we dispose of an LU factorization
of the 11-block entry Dy = LoUy4 and let us define two new quantities (which in
the further proceedings will acquire an important meaning)

G1 =V D,'U1, F = B21G1Bs. (3.15)
Then the first block step in a LU factorizaton of T is given by

T La } { I } { Ua L;'UiBiVy?
= Hyr—1 H
UsBo Vi7U, 1 Dp — U Fy Vs I

(3.16)
The block entry Dp — UQFQVQH is the classical ‘Schur-complement’ of D4 in the
given matrix and it will be invertible if the matrix T is, as we assumed. At this
point the first block column of the ‘I’ factor and the first block row of the ‘U’
matrix are known (the remainder will follow from an LU-decomposition of the
Schur complement Dpg — UQFQVQH). We see that the 21-entry in L and the 12-
entry in U inherit the low rank of the originals with the same Us, respect. Vi
entry. In fact, more is true, the hierarchical relations in the first block column of L,
respect. block row of U remain valid because L4 = D 4 U;l, respect. Uy = L;lDA,
with modified row basis, respect. column basis. In the actual HSS computation the
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FIGURE 2. Recursive positioning of the LU first blocks in the HSS
post-ordered LU factorization.

Schur complement will not be computed directly — it is lazily evaluated in what is
called ‘post-order traverse’, meaning that each node (k, i) is evaluated only after
evaluation of nodes (k, ¢),¢ < k at the same level and its sub nodes (k + 1,2i — 1)
and (k + 1, 21).

This basic step can be interpreted as a specialization of the LU-factorization
algorithm for sequentially separable systems, which reduces here to just two steps.
In the first step the F; matrix is empty, the LU-factorization of Dy = LaUpyb is
done and the V;I# = ViH U217 respect. U = L;lUl are computed. In the second
step (in this case there are only two steps), G is computed as G; = VUV | with
Fy = BG4 By and finally the Schur complement D — Uy F> Vi is evaluated (the
sequential algorithm would be more complicated if more terms are available).

The HSS LU factorization is executed lazily in post-order traverse (w.r. to
the hierarchical ordering of the blocks in the matrix), whereby previously obtained
results are used as much as possible. For a tree that is 2 levels deep it goes as in
Figure 2.

The collection of information needed to update the Schur complement at each
stage of the algorithm is accomplished by an ‘upward’ movement, represented by
the G matrices. Once a certain node (k, ) is reached, the Gy ; equals the actual
Vit DZlUl pertaining to that node and hence subsumes all the data that is needed
from previous steps to update the remaining Schur complement. However, the next
‘lazy’ step in the evaluation does not involve the whole matrix Dp, but only the
at that point relevant top left corner matrix, the next candidate for reduction in
the ongoing elimination — and determination of the next pivot. This restriction to
the relevant top entry is accomplished by the matrix F', which takes information
from the G’s that are relevant at that level and specializes them to compute
the contributions to the Schur-complement update of that specific matrix. Before
formulating the algorithm precisely, we make this strategy that leads to efficient
computations more precise.
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Definition 3. G propagates the quantity Vi DZlUl.
Definition 4. F' propagates the quantity BQlVlHD21U1B12 in equation (3.16).

Updating G. The update situation involves exclusively the upward collection of
the G},;. We assume that at some point in the recursion the matrices Gy 2;—1 and
G,2i are known, the objective is to compute G—1 ;. The relevant observation here
is that only this recursive data and data from the original matrix are needed to
achieve the result. In matrix terms the situation is as follows:

Dy UBVH  UR[-]
U, BV D, U.R,[ ] (3.17)
[ WV WV Dy

where Eu stands for By;2i—1,2i, E@ stands for By.;2,—1, the subscript ‘¢’ stands
for the left branch in the hierarchy for which Gy = Gi2,-1 = VZH D[lUg is
known, while the subscript ‘r’ stands for the right branch, for which G, = Gy 2; =
VHC-U, is known with C,. = D, — UrggVeH D[lUgl?uVTH the Schur complement
of the first block in the left top corner submatrix, the objective being to compute
G = Gj_1,; given by
-1
UeRy
o]

(3.18)
(note that the entries indicated by ‘[ - -]” in equation (3.17) are irrelevant for this
computation, they are taken care of in the F-downdate explained further on, while
the Eu and Eg subsume the B-data at this level, which are also not relevant at this

point of the computation). Computing the inverse of the new Schur complement
produces:

G=[WHVS W)

D,  UBVH

G=VvID'U=[ WiV wHVH ] ~
U, BV D,

D'+ D UBVECT U BV DY —D; UGB VEC [UeR
-C\U, B, VAD, ! ct UrR,
G=[WH WH].
[v#D; U+ V# D U B VECT U BV D U, VA D UGBV CIWL|
~-VHC'U.BVHD; U, VHECU,
. -Re
_RT

where Gy = WHDleg and G, = VHC1U, have been introduced. Hence

Ge+GiBuG,BiGy —~GiB,G, [ﬁe} (3.19)

_ H H
G=[wi W] —G,B,Gy G,
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Downdating F. The downdate situation can be subsumed as follows. We assume
that we have arrived at a stage where the LU factorization has progressed just
beyond the (hierarchical) diagonal block Dy in the original matrix, the last block for
which the Schur complement data Gy has been updated. The hierarchical diagonal
block preceding Dy is subsumed as D 4, covering all the indices preceding those of
Dy. For this block, the corresponding G 4 is also assumed to be known — these are
the recursive assumptions. Let us assume moreover that the next (hierarchical)
block to be processed in the post-order is D,. The relations in the off diagonal
entries, using higher level indices as needed are given in the matrix
Let us denote:
Da UaBWHVE  U4B,WHVH
UgReBsz Dy UZB;VTH
U.R, BV} U.B/VH D,

A A
— | Aor Ag

The recursive assumptions, expressed in the data of this matrix are the knowledge
of Gy = VfD;lef and Gy = WchlUg in which Cj is the Schur complement
of Dy for the diagonal block D,. then

Ay AT Ao = [ U.R, B,V U,.BVH ].
' Dy UaBWHVH 171 [ UsBWHVH (3.20)
UR B,V Dy UB,vH |

With the definition of F' and the Schur inverse algorithm, we can rewrite the above
formula as:

An ATt Ay = U F.VE
= [ U:R.B VL' UB V" .

[ Dy + Dy UaBWIVIC U R BV DL —D UaB WV CH
—C;\UyRBVE D! cpt .

UABUWTHVTH
UzBuVTH

=U. [ R.B,VH BV} ].
[ D'+ D' UABWEVHC, 'URBVED,' —D,'UsB,WHVHC,? }
1 .

I -C;'U R B VED ! c;
UABquI H
s ]
=U.| R Be].
[ BVHED'UsB, +Y -BVED'UABWHEVHC, U,
| —VHC'URBVID,'UAB, VAC, U, '

(W]
Ak
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where

Y = BVID ' UABWHVHAC, 'URy BV D' UaB,.
As defined, F, should represent the above term (excluding U, and V;.). Assuming
Gy and F = F4 given, we find

G, =VHC;'U,, F = BV D,'UsB,.
Finally the update formula for F;. becomes:

F+FWZHGzRgF fFWZHGz :| { Wﬁ }

F.=[ R B¢ ] (3.21)

—GyRF Gy By
And F. again satisfies the definition.

The update formula for F} can be easily derived from the definition of F'. To
preserve the definition of F' on the left branch, the F' from the parent has to be
pre-multiplied with R, and post-multiplied with W/ . Thus the update formulas
for G and F have been explained and proven.

Modifying B matrices and computing block pivots. To compute the Schur com-
plement Dy.; — Uk;iFk;infg efficiently, we only need to update the B matrices and
modify the block pivots. Here we assume that we are moving one level up in the
recursion and that the levels below have already been computed. Let

"
Sk—1;i=Dr—1;i —Up—1;iFr—1;i V214

H
S Dys2i-1 Uk;2i-1Bk;2i-1,2iViio;
k—1;1 = H ;
Uk:2i Br;2i,2i-1 Vi Dias
Uki2i—1Ri2i—1 - " P
- 7 ' Fo|WH _vE — WH VH
[ Uk;2i Rk;2i ' [ k;2i—1Vk;2i—-1 YV k;24 k,27,:|
[ H
S = Dis2i—1 Uk;2i—1Bk;2i-1,2i Vi
k—1;i — H
| Uk;2i Br;2i2i-1Vii, 4 Dias
a2 a H yH
Uks2i—1Ri;2i-1Fk—1Wia; 1 Vi1 Uks2i1 Ri2im1 Fi—1;:Wiio, Vico,
- 2 1 H 1/H
Uks2iBh:2i =15 Wi -1 Viizi— Uks2i Ric;2i Fre—1:: Wi Vi
Spp= | Dr2it Yezio1i
1=
| Yi2i2i-1 Dr2i

where
H \1 H B H
Yi2i-1,2i = Ug2i—1(Br2i-1,2i — Bi2i-1Fk—1:iWii0) Viioi = Uki2i-1Br2i—1,2iVico;
H H 3 H
Yi2i2i-1 = Ug;2i(Br;2i2i-1 — Ri2iFr—1,Wico; 1) Vi1 = Uki2iBr2i2i-1 Vi1 -

Hence
Dy = Diyi — Upii Fri Vi (3.22)
Biyij = By — Risi By i1 i1 Wil (3.23)
and the F for the left branches:
Froi1 = Rk;Qilekfl;iWé?Qifl- (3.24)
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Construction formulas for the L and the U matrices. We are now ready to for-
mulate the LU-factorization relations and procedure.

Theorem 6. Let a level-n HSS matriz T be given by the sequences R, W, B, U, V
and D and assume that the pivot condition for existence of the LU-factorization
is satisfied. Then the following relations hold:
forie1,2,...,2":
Gn;i = anli(Dn;i - Un;iFn;iVnI?{i)_lUn;i (3-25)
fork=1,2,...,n;i€1,2,...,2" and j =i+ 1 for odd i, j =i — 1 for even i, let
Bliij = Busij — R Fy_y,r 11 Wil (3.26)

fork=1,2,...,nandic1,2,...,2F1;

[ ng;JZi—l ng{m ]

Gri2i—1 + Gry2i—1Br;2i—1,2iGr;2i Bi;2i,2i-1Gri2i-1 - —Gri2i—1 Bri2i—1,2iGr;2i

' _Gk;2i§k;2i,2i—1Gk;2i—1 Gr;2i
Ri2i-1
[ P ]. o
Initial value for F is:
Fo1=¢ (3.28)

left branches Fy are given as:
fork=1,2,...,nandic1,2,... 281

Froi1 = Rk;zink—l;z‘Wzgziq (3.29)

right branches F,. are given as:
fork=1,2,...,nandic1,2,...,2F1;

Froi = [Rk;Zi Bi;2i2i-1 }
H H
Fy 1, + Fr1,iWiioi1Gr2ic1Ri2i-1Fe—10 —Fr—1,iWiioi_1Gr2i-1
—Gr;2i—1Ri;2i—1 Flyi Gri2i—1
Wik,
. k2| (3.30)
Bi2i—1,2i

The (block) pivots are given by
Disi = Dyyi — Uni P Vi (3.31)

Let now the pivots be LU-factored (these are elementary blocks that are not
further decomposed): for i € 1,2,...,2™:
En;iﬁn;i = Dn;i = Dn;i - Un,an,zvnI:Iz (332)

be a LU decomposition at each leaf. Then based on the information generated,
the L and U factors are defined as follows:
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Theorem 7. The level-n HSS representation of the L factor will be given as:
at a non-leaf node:
fork=1,2,...,n;i€1,2,....2V and j =1,2,...,2%:

Ry;j = Ry Whii2i—1 = W21
W/f;{m = W;fzi - ngzi_lgk;%—lBk;%—l,zi (3.33)
Bi;2i.2i—1 = B:2i,2i—1 Bi:2i—1,2 =0
at a leaf:
forie1,2,....2":
Unii = Unsi Vi = Upd'Visi D = L. (3.34)

Theorem 8. The level-n HSS representation of the U factor will be given as:
at a non-leaf node:
fork=1,2,...,n;i€1,2,....2V and j =1,2,...,2%:

{ Ri2i—1 = Ri2ic1 Ri2i = Ri2i — Bri2i2i-1Gr2i—1Re2ic1 Wiy = Wi

Bi:2i2i-1 =0 Bi:2i—1,2i = Br;2i—1,2i
(3.35)
at a leaf:
forie1,2,...,2":
ﬁn;i = E;;iUn;i ‘771;1' = Vn;i ﬁn;i = Un,z (336)

Proof for the traverse. We start with the proof of theorem 6. Given the updating
operations on G and downdating operations on F' accounted for in the introductory
part of this section, it remains to verify that there exists a recursive order to
compute all the quantities indicated. Initialization results in the Fj, ; = ¢ for all
k = 1---n. In particular, Fj, ; is now known, and G, ; can be computed. This
in turn allows for the computation of F}, » thanks to the F; downdate formula at
level (k—1,1). Now G,, 2 can be computed, and next G,,—1,1 — the first left bottom
node is dealt with. We now dispose of enough information to compute F},_1 2, since
Gpn—1,1 and F,_31 = ¢ are known (this being the beginning of the next step).

The general dependencies in the formulas are as follows. At a leaf: G,,;; de-
pends on Fj.;; at a non-leaf node: Gi_1,; is dependent on Gy 2i—1 and Gy 2:;
F.0i—1 is dependent on Fj_1 ; and Fj »; is dependent on both Fj_; ; and Gy 2i—1.
Considering the closure of data dependencies, the full dependencies at a node are
given in Figure 3. With the F' matrices on the root initialized, the order in which
all the F' and G quantities can be computed on a node is Fj_1,; — Fp2i-1 —
Gr2i-1 — Froi — Groi — Gi_1,, or equivalently parent—left children—right
children—parent. That is: with a post-order traverse on the binary tree (note that:
the F' on the root is initialized), all unknown F's and Gs can be filled in.
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Fk.-sr Gk-!l.

FI1GURE 3. The dependencies of the intermediate variables on one
no-leaf node.

D,

FIGURE 4. The computation of Fj,2; with the help of Fj_1,; and Gi;2i—1.

Proof of the formulas for L and U factors. Let now the pivots be LU-factored
(these are elementary blocks that are not further decomposed). We may assume
that at each step the Schur complements have been computed and updated. To
get the L and U factors recursively as in formula (3.16), it is obvious that for each
leaf of the L factor, D = f,, U=U,VH = VlHﬁfl; for each leaf of the U factor,
D=U,U=L"'U,V=V.

For all left branches, the blocks are updated by modifying B matrices with
formula (3.26) to compute the Schur complement Dy.; = Dy.; — Un;iFn;iVnIi-. But
for the right branches, updating B matrices with formula (3.26) is not enough
because Fj,_1,; only subsumes the information from its parent. Its left sibling has
to be taken into consideration for the update of the Schur complement.

Assuming the correct update has been done for the D4 block and D, block
(see Figure 4), we may also assume that the Schur complement of D, has been
computed. Hence, we only need to update D, and the blocks indicated by grids in
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Figure 4. That is for the block

Dy UB,VF  URB,VH
UTBgVeH D, UrRrBqu
UBBgWeHVZH UBBgWTHVTH Dp
UBBgWTHVTH
Hence, only the blocks [ UTRTBqu } and . have to be

updated, other parts of the computation are taken care of by the recursive algo-
rithm. Now, the Schur complement of D, has to be determined. That is:

D, U-R-B,VE
s—| Us BWHVH Dsg

UTEZ‘/ZH
HyH | ~ ~
UsB WV, D;l[UgBuVTH UeReBJVE -

D, —U,BVAD; U, B, V;H U (R.— BV D, 'UR) B, VE
s— | UgBi(WH -—WIVI D, 'UB.)V Dp-UpBWV”D,'URB.,VE

Since G, = VA D, 'U,,

Dy — UrB,VHED; ' U B VH Ur(Rr — ByGyR)BuVE
g— | UsB(WH-wHG,B,)VH Dp-UsBWHVHD,'URB., VY

Hence the update of the blocks and [ uidBpwHvH ... ] is

U.R,B,VH ]

given by }AET =R, — EgGgRg and Wf[ =WH - WeHGgEu. These prove the update
formulas for ]:BT and I7V\T.

Finally, all the update formulas have been explained, and the whole algorithm
consists in recursively applying these formulas which actually compute and update
the Schur complement recursively. This will be possible iff the pivot condition is
satisfied.

4. Explicit ULV factorization

The LU factorization, however important, has only limited applicability. A back-
ward stable algorithm that can always be applied is ‘ULV-factorization’. It factors
an arbitrary matrix in three factors, a unitary matrix U, a (generalized) lower
triangular L (a non-singular triangular matrix embedded in a possibly larger zero
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matrix) and another unitary matrix V. In the present section we show that the
ULV-factorization for an HSS matrix of order n can be obtained in a special form.
Both U and V are again HSS, and the lower triangular factor L has a special
HSS form that is extremely sparse (many transfer matrices are zero). The ULV-
factorization of A leads directly to the Moore-Penrose inverse for A. One trims the
L factor to its purely triangular part, and the U and V factors to the corresponding
relevant columns and rows to obtain the so called ‘economic ULV factorization’
A = U.L.V., the Moore-Penrose inverse then being given as AT = VAL 1UH.
The determination of the inverse of a lower triangular HSS factor is treated in the
following section and gives rise to an HSS matrix of the same order and complexity.
In this paper we follow the implicit ULV factorization method presented in [17],
and show that the implicit method can be made explicit with some non-trivial
modifications. The Moore-Penrose system can be then be solved with the explicit
L factor. Alternatively one could follow the method presented in [18] which has
similar flavors, but uses a slightly different approach.

For the sake of definiteness and without impairing generality, we assume here
that the HSS matrix A has full row rank, and its n-level HSS representation is
defined by the sequences U,V, D, B, R, W. Similar to the implicit ULV factoriza-
tion method, the explicit method involves an upsweep recursion (or equivalently
a post-order traverse). We start with the left-most leaf. First, we treat the case
in which the HSS representation, which will be recursively reduced, has reached
the situation given in equation (4.1). The second block row in that equation has
a central purely triangular block Ayg,; of dimension Jj;, the goal will be to reduce
the matrix further by treating the next block row. Through the steps described
in the following treatment this situation will be reached recursively by converting
subtrees to leaves, so that the central compression step always happens at the level
of a leaf.

4.1. Treatment of a leaf

The situation to be treated in this part of the recursion has the form

AR 1A
0 Ak;i 0 0
Ugil--] Dy DZ Ul

. H . H
VT (v

A= (4.1)

It is assumed at this point that Ay.; is already lower triangular and invertible with
dimension dy,;. The next block row stands in line for treatment. The compression
step attacks Uy;. If Uk, has more rows than columns, it can be compressed by
applying QL factorization on it:

Ukyi = Qi [ [72 } (4.2)

)
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where ﬁgm- is square and has [ rows. To keep consistence in the rows, we must
apply Qj; to Dy

Dii = QI Dy (4.3)
Assume that Dy; has m columns. We can partition Dy;; as:
5k;i m — 5k;i ~
= Dg.; (4.4)

IO )
Dk;i Dk;i
Since Ay is already lower-triangular matrix, to proceed we only have to process
the block 15,(623 so as to obtain a larger upper-triangular reduced block. Hence we

LQ factorize 15,(32 as:

. D 0

2 i

Dl(c;i) = [ B]fé)’o’o DO Wiy (4.5)
k;i;1,0 k;i;1,1

where 15,(52;070 is lower triangular and has n columns;ﬁ,fi);l,o and 1322311 have [
rows. Now to adjust the columns, we must apply wg,; on V.. Let

1)
Oksi Vii _
m — 5k;i Vk(QZ) — Vk;l. (46)
Apply wy;; on Vk(i-) as
let:
DV | _ 50
~" =D, 4.8
[ D](if) k;i ( )

where D,(;f) has [ rows. After these operations, the HSS representation has become

o ot it
N A ) A A T
0 Ak;i

f 0 0
A= 0 DY DEl, 0 0 . (49)
=5 ~(1,2 A (2 75
Ul -] DI Didie  Dithiy Oral-]

: 1)H > (21)H Hi(22)H
BLARKNE) A% ) Bl

The compressed leaf will be returned as:

A5 _ [ a2 pe ~(2)
Disi = { Dl(c;i Dl(s;i);l,o Dl(c;i;l,l } (4.10)
Uk;i = fjk;i (411)

_ A
Vis = | B | 4.12
k; [ V(2-) ] ( )
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With

Ay =

)

(4.13)

Apsi 0
~(1,1 (2
Dl(c i ) Dl(c;i);O,O

32

representing the reduced row slices, and
Ok = Opsi + 1. (4.14)

Now, the commented HSS representation is exactly the same as the original, except
the leaf has become smaller. When Uy.; has more columns than rows, nothing can
be done to compress in this way. Then a new arrangement has to be created by
merging two leaves into a new, integrated leave. This process is treated in the next
paragraph.

4.2. Merge

The behavior of this part of the algorithm on a leaf has been specified. If no leaf
is available for processing, one can be created by merging. Assume that we are
at the node k;i, the algorithm works in a post-order traverse way, it proceeds by
first calling itself on the left children and then on the right children. When the
algorithm comes to the present stage, both the left and the right child are already
compressed leaves. They can then be merged by the following explicit procedure.

Before the merge, the HSS representation is, in an obvious notation: Let

Yk(i)l;gifl;gi = Uk+1;2i—lBk+l;2i—l;2iVk(i)ll;;i
Yk(i)l;gifl;gi = Uk+1;2i—lBk+l;2i—l;2iVk(i)ll;;i
Yk(}k)l;%;%fl = Uk+1§2in+1§2i32i—1Vk(}r)ll;i%fl
Yki)1;2i;2i—1 = Uk+1;2in+1;2i;2i*1Vk(i)lféi—l

thus Dy.; can be represented as:

Akt1,2i-1 0 0 0
(1) (2) (1) )
Dy;i = Difroict Divipicr Yerioiciee Yeiieioie (4.15)
o 0 0 Apy1;2i 0 : :
(1) 2) (1) )
Yiitoizic1 Yrrn2izio1 Dy i Dy 0

Next, the rows and columns are moved to put all reduced rows on the top-left.
After the reordering, the HSS representation becomes:

Apy1:2i-1 0 0 0
D 0 Ap41,2i 0 0 (4.16)
ki = (1) (1) (2) (2) 16
D({c)+1;2i—1 Yk+%;12i—1;2i D(§+1;2i—1 Yk+%;22)i—1;2i
| Yeii2i2i—1 Dy i1 Y 2i2i-1 Dy i1
and the merged leaf now has:
[ p® 1) (2) (2) i
Dy — Ditioicr Yidrtoictei Digizicr Yeiiioie: (4.17)
kit — Y(l) D(l Y(2) D(2) ’
L Th+1;2i52i—1 k+1;2i k+1;2i52i—1 k+1;2i
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1
Vk(+)1;2171Wk+1;2i—1
1
U o Uk+1;2i—1Rk+1;2i—1 ‘7 o Vk+)1;2iwk+1;2i
ki — U 'R ) ki — (2)
k+1;2iLVk+41;21 Vk+1‘2i71Wk+1§2i_1
2
Ve i W12 1
With the intermediate block
Apt1,2i—1 0
Aps = -
ki { 0 Apt12i

)

and
Okyi = Ok+1;2i—1 + Okt1;2-

279

(4.18)

(4.19)

(4.20)

Note that now the node has been reduced to a leaf, and the actual HSS system
has two fewer leaves. The compression algorithm can then be called on this leaf

with Ak;i and (Skﬂ

4.3. Formal algorithm

Having the above three procedures, we now describe the algorithm formally. Sim-
ilar to the implicit ULV factorization method, this algorithm is a tree-based re-
cursive algorithm. It involves a post-order traverse of the binary tree of the HSS

representation. Let T" be the root of the HSS representation.

Function: post-order-traverse
Input: an actual HSS node or leaf T';
Output: a compressed HSS leaf)

1. (node, left-children, right-children) = T;
2. left-leaf = post-order-traverse left-child;
3. right-leaf = post-order-traverse right-child;
4. if left-child is compressible then
left-leaf = compress left-leaf;
else
do nothing;
5. if right-child is compressible then
right-leaf = compress right-leaf;
else
do nothing;
6. return compress (Merge(node,left-leaf,right-leaf));

Function : Explicit-ULV-Factorization
Input: a HSS representation 7T'; Output: the factor L in
sparse matrix format

1. actual-T = T;

2. Leaf = post-order-traverse actual-T';

3. return Leaf.Ag;

Once the whole HSS tree is compressed as a leaf and the leaf is further com-

pressed, the L factor has been computed as L = Ag,;.
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FIGURE 5. The sparsity pattern of L factor of the explicit ULV factorization.

4.4. Results

We show the result of the procedure applied to an HSS matrix A of dimensions
500 x 700 with full row rank. Its HSS representation is 5 levels deep and balanced.
We apply the explicit ULV factorization algorithm on it. Then the sparsity pattern
of the L factor will be as in Figure 5. L has 500 rows and 700 columns. Its sparsity
is 3.08% (The sparsity depends on the HSS complexity, the lower the complexity
is, the sparser the L factor is.). With the assumption that A has full row rank,
The non-zero block of L is square and invertible.

4.5. Remarks

e Assume A has full column rank, the algorithm above can be modified to
produce the URV factorization (by compressing Vj.; instead of Ug;).

e The explicit factor shall be kept in sparse matrix form.

e the U and V factors are kept in an implicit form. This is convenient because
they can be easily applied to b and & when solve the system Az = b.

e The complexity is higher than the implicit ULV factorization method, but it
shall still be linear. It can also be easily be seen that the HSS complexity of
the result is the same as of the original (with many transfer matrices reduced
to zero).

5. Inverse of triangular HSS matrix

In this section, we will show how a triangular HSS matrix can be inverted efli-
ciently. We shall only present our fast inverse algorithm on upper triangular HSS
matrices, since the algorithm for lower triangular matrices is dual and similar.
With the combination of the LU factorization algorithm, the inverse algorithm
for triangular systems and the matrix-matrix multiplication algorithm, the HSS
inverse of a square invertible HSS matrix, of which all block pivots are invertible,
can be computed.
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Let the level-n HSS representation of the upper triangular matrix A be given
by the sequence of R, W, B, U, V and D (where the D’s are upper triangular).
Assuming all D matrices invertible, the level-n HSS representation of the inverse
of A is given by E, W, B , ﬁ, V and D (where Ds are again upper triangular) with
the formulas given below. We use the following (trivial) fact recursively.

Lemma 1. The inverse of Dy_y.ri7 (i is an odd number) is given by

H 71
D1 _ Dy Uk;in;i,i+1Vk;i+1
k=151 0 Dk;i+1
-1 p-ly7 p . H -1
_ Dk;i Dk;i Uk§1Bk§m+1Vk;i+le;i+l (5 1)
- O 71 . .
kyi+1
We have
_ o —1
= | Diyr2i-1 Ukyr2i-1Brgn2i-1,20 Vi
Ui = Ui
L 0 Dit1;2:
H —1
Ui = Diy12i-1 Ukt1,2i-1Bry1,2i-1,2i Vi1,
= .
I 0 Dit1;2i
| Uksr2i-1Ret152i1
Uky1;2i Rict1;2i
N [ D} -Di}! U 1B 1.2 Vil D}
Upi = k41;2i—1 k41;2i—1Yk+1;2i—1 k1+1;22*1»21 k+1;2i M k41,24 }
= _ .
L 0 Do
| Uksr2i-1Ret152i1
Uky1;2i Riet1;2i
1 H —1
Uyt = Dk+1;2i—1Uk+1;2i*1(Rk+1;2i*117 Bri132i-1,2i Vid1:2: Dy 1.0:Uk+ 1,20 Rit1324)
A _ .
Dk+1;2iUk+1;2iRk+1;2i

Assuming that ﬁk+1;2i_1 and (/J\'k+1;2i have been updated as Dk_+11~2i71 Uk+t1,2i—1
and Dk_il;2iUk+1;2i the update for ﬁ;” follows from the update Rj41.2i—1 as

5 H -1
Rpt12i-1 = Riy1:2i-1 — Bry1;2i-1,20 Vi 1,00Up 1.0, Uk 1520 Rt 126 (5.2)

The formulas for ‘A/;m-ﬂ become

H —1
DH _ v Diy12i41 Ukt12i41Br+1;2i41,2i+2 Vb 12142
kyi+1 - kyi+1
0 Dit1;2i42
SH _ H H H H
Visier = | Wiliein Vilhiein Wikt Viti2ige |-
H —1
Dii1;2i41  Ukt12i+1Brt1;2i41,2i42 Vit 1,2i 42

0 Dit1;2i42
SH _ H H H H
Visier = | Wilkiem Viltiein Witz Vi 22 |-

-1 -1 H -1
{ Ditigivt —DitipiniUstnzivi Brervziti 2ie2Vitioipe Dy pioigo }
. i .

0 Dk+1;2i+2
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Let

/ngrl;ziw = Wlioire = Wi i Vil 10001 D frigi i1 Un 2001 Brg2i 2it2
then
‘715;1;-5—1 = [ Wlfkl;2i+1Vkﬁ1;2i+1DlzJi1;2i+1 Wlﬁl;2i+2vl£{k1;2i+2Dl;i1;2i+2 } :
Assuming now that ‘71@111;21' 41 and ‘71@111;21' 1o have been updated as
Vkﬁl;2i+1Dk_i1;2i+1 and ng—l;2i+2Dk_-il;2i+2’

the update for ‘A/;m-ﬂ follows from

wWH _ wwH H H -1
Witi2ire = Wiki2i2 — Wk+1;2i+1Vk+1;2i+1Dk+1;2i+1Uk+1;2i+1Bk+1;2i+1,2i+2

(5.3)
next the update for —Up.; B ; th; follows from
Ek;i,j = — DB 5. (5.4)

Let the intermediate G' be defined as Gj; = V,ﬁD;ll Uyi, then the above update
formulas can be written as

W]ggi = W]fgl - W]ggifle;Qilek;%fl,Qi

Wi = Whiia

Ri2i—1 = Rp2i—1 — Br:2i—1,2iGr;2i Ri;2i (5.5)
Ri.0i = R0
Bysij = —Bhij-

The recursive formula for the intermediate variable G are as follows. According to
the definition of Gg_1,:
_ H H H H
Gr1i = [ Wil 1 Vilhion Wi Vilh .
_ g 1-1
| Dizi—-1 Ukj2i—1Brizi—1,2i Vi Uk;2i—1Rk;2i-1
I 0 D24 Ui Ri;2:
H H H H
kal;i = [ Wk;Qiflvk;%—l Wk;2i71vk;2i ] .
F -1 -1 H -1
Dyoiv —Drni 1Uk2i—1Bri2i—1,2iVijai Dy o, Uk;2i—1Ri2i-1
: )
0 Dyoi Ug;2i Rk;2:
H H
kal;i = [ Wk;2i71 Wk;2i71 ] .
H -1 H -1 H -1
Vk;2i71Dk;2i,1Uk;2ifl 7Vk;2i71Dk;2i,1UinIZilelk;Zif1,2in;2ka;2iUk;2i
0 Vii2i D2 Un;2i

| Brzia
Rk;Zi

_ H H Gr2i-1 —Gr2i-1Bri2i—1,2iGr;2: Ri2i-1
Gr-1; = [ Wk;2i71 Wk;2i71 ] { .

0 Gr;2i Ry
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Summarizing

Definition 5. Let the intermediate variable G be defined as
fork=1,2,...,nandic1,2,...,2F1;

Gy = Vili Dy Uk (5.6)
The upsweep recursion for G is:

Groi—1 —Gr2i—1Br2i—1.2iGr9i Rp.0i
. H H k;2i—1 k;2i—1Dk;2i—1,20 9 k;24 k;2i—1
Gk—l;z - [ Wk;2171 Wk;2z } 0 Gk;2i :| |: Rk;2i :|
(5.7)

and hence

Theorem 9. The level-n HSS representation of the inverse of the upper triangular
HSS matriz is given by the following sequence of operations
fork=1,2,...,n;5€1,2,....28 andi € 1,2,...,2F1:
Wi =Wl = Wi, Groi1Braic12i Wiaio1 = Wiaia

Ri2i—1 = Rp2i—1 — Br2i—1,2iGr2iRe2i Risoi = Rioi

Bi:2i—1,2i = —B:2i—1,2i Bi:2i2i-1 =0 (5.8)
U... = DU, UH _ y/H p—1

Uksj = Dy, ;Ui Viis = Vi Disj

STk

Dy = kg

6. Ancillary operations

In this section, we will discuss various ancillary operations that help to (re-) con-
struct an HSS representation in various circumstances. These operations will help
to reduce the HSS complexity or to keep the column base and row base dependen-
cies of the HSS representation.

6.1. Column (row) base insertion

When the off-diagonal blocks have to be changed at the nodes at a higher level,
column bases and row bases may have to be changed. To keep the column and row
base dependencies, new column (row) bases may have to be added to the lower
levels. We might be able to generate these bases from the column (row) bases of the
lower level nodes, but this is not guaranteed. Taking a conservative approach we
insert column (row) bases into the lower level and then do compression to reduce
the complexity of HSS representation.

The algorithm combines two sub-algorithms (downsweep base insertion and
then a compression). The compression procedure is used to eliminate redundant
bases and reduce the HSS complexity. Compression does not have to be done after
every downsweep column (row) base insertion. To save the computation cost, we
may do one step of compression after a number of steps of bases insertion.

We will present row base insertion in details, while column base insertion is
dual and hence similar.



284 Z. Sheng, P. Dewilde and S. Chandrasekaran

6.1.1. Downsweep row base insertion. Suppose that we need to add a row base
represented by a conformal matrix v to an HSS node A without changing the
matrix it represents (the column dimension of v should of course be conformal to
the row dimension of A.) Let the original HSS node be represented as

H
Dy Ui1B1;1,2Vi%
H .
Ui,2B1;2,1 Vi3 D12

The algorithm works in a downsweep fashion modifying the nodes and leaves in
the HSS tree.

¢ Row base insertion at a non-leaf node
Uk 1s split according to the column partition of A at this node:
for k=1,2,...,nand i€ 1,2,...,2":

Uk+1;2i—1 is inserted to the left child, vi41;2; to the right child recursively.
Vk+41;2i—1 Can be generated from Dk+1;2i717 and Vk+1;2i from Dk+1;2i. The
translation matrices of this node must be modified to make sure that the
base insertion does not change the matrix it represents as follows
fork=1,2,...,n;i€1,2,...,2%5 and j =i+ 1 for odd 4, j =i — 1 for
even i:
s Wk;i 0
Wi = [ 0 I }
Biij = [ Brij 0]
¢ Row base insertion at a leaf
a leaf is reached by recursion, vy,;; has to be inserted to the leaf, hence
fork=1,2,...,nand i€ 1,2,...,2":

(6.1)

Vn;i = [ Vn;i Unsi ] (62)

6.1.2. Compression. After applying downsweep base insertion to A, the row bases
v required by the upper level can be generated from A. But the HSS representation
we get may have become redundant.

Since only the row base has been modified, we only have to factor V,,.; ma-
trices as

fork=1,2,...,nand i €1,2,..., 2"

-~

Vn;i = Vn;iwn;i- (63)

This should be done by a rank revealing QR or QL factorization, then 17”;1- will be
column orthonormal (and it will surely be column independent). The factor wy,;
will then be propagated to the upper level, where the translation matrices By.; ;
and W,,,; will be modified by the factor w as follows
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fork=1,2,...,n;i€1,2,...,2% and j =i+1forodd i, j =i—1 for even i

n _ H
Byij = Bhrii,jwy;

Wk;i = wk;iWk;i (64)
Rk;i = Rk;i~

Then we do compression on the higher level. Since only row bases have been
modified, we only have to factor

V_Vk;Qi—l _ Wkﬁi—l )
|: Wk;2i :| = [ — ) ‘|U}k1;r (65)

Note that Wk;gi,l and Wk;gi have been modified by the wy;2;—1 and wy;2; factors
coming from its children with the formulas (6.4), the factorization should again
be rank-revealing. The wy_1;; factor will then be propagated further to the upper
level, and the algorithm proceeds recursively.

After applying the whole algorithm to the a HSS node, the new row base
v will be inserted by appending it to the original row base. Suppose the row
base of the original node is given by V| the modified node becomes [ V v ]H
Note that base insertion does not change the HSS matrix, it only modifies its HSS
representation.

6.1.3. Column base insertion. The algorithm for column base insertion is similar
and dual to the one for row base insertion. Modifications will now be done on U, R

instead of V, W. And the B matrices will be modified as Ek;i,j = [ B%i’j } instead

of [ Brij; 0 ] . After applying the row bases insertion to a HSS node, the new
column bases will be appended after its original column bases. The compression
algorithm for column base insertion should also be modified accordingly.

6.2. Append a matrix to a HSS matrix

This algorithm appends a thin slice C' to a HSS matrix A. This operation is central
in the Moore-Penrose HSS inversion treated in [18]. We establish that the result of
this operation will still be HSS matrix whose HSS representation can be computed
easily. Obviously, we may append the matrix to the top of the HSS matrix, to the
left of the HSS matrix, to the right of the HSS matrix or to the bottom of the HSS
matrix. Here we just present the method to append matrix to the left of the HSS
matrix. Others can be easily derived mutatis mutandis.

6.2.1. Append a rank-% matrix to a HSS matrix. Suppose
A=[C A]. (6.6)

Matrix B should have the same number of rows as A does, A is HSS matrix whose
HSS representation is defined by sequences Uy, Va, Da, Ra, W4 and By.
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Instead of trying to absorb the C' matrix into the HSS representation of A
matrix, we rewrite the formula (6.6) as:

o] o
where — is a dummy matrix which has no rows. A is an HSS matrix which has
one more level than A does.

We then assume that C = UBVH. That is: C is a rank-k matrix. The de-
composition of C' can be computed by a URV factorization or SV D factorization
(in practice, we normally have its decomposition already available).

Then the column base U of C' shall be inserted to the HSS representation of
A so that U can be generated from the HSS representation of A. This can be done
in many different ways. The most straightforward is to insert the column base
using the algorithm described in Section 6.1 and followed by a step of compression
depending on how many columns U has. Suppose that after column bases insertion,
the HSS representation of A becomes A. (Note that: column bases insertion does
not change the HSS matrix, it only changes the HSS representation.)

Then A will be represented as

A= [ UBVE A } . (6.8)

It is easy to check that the HSS representation of A will be given as
at the top node

{ Biap2=0 Bipg1=B Wi=| (6.9)
Wia=0 R11=0 Ryo = | '
at the left branch:
Dip=— Uin=0 Vip=V (6.10)
at the right branch:
Dig=A (6.11)

where | and — represent dummy matrices with no columns respect. no rows.
represents the dummy matrix without column or or row. The other dimensions of
all these should be correct such that the HSS representation is still valid.

6.2.2. Matrix-append when bases are semi-separable. In practice, we almost never
compute U and V, since these computations are costly and break the idea of HSS
representation. For instance, when a matrix UBVH needs to be appended to a
HSS matrix A, U and V are not explicit stored. They are defined by the formulas
(2.6) and (2.7).

In this case, the formulas in the last subsection will have to be modified
accordingly, The left branch of A will not be of just one level. Instead, the left
child will be a sub-HSS tree defined by the following sequences:
at the root:

{ Bii2=0 Bi21=B Wy =] (6.12)

Wio=0 Riun=0  Rip=|
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at non-leaf nodes: for k =2,3,...,nand i€ 1,2,...,2F 1
Jik;ziq = | /R/ic;% = | /B/ic;Qifl,% = - (6.13)
Bi:gioi-1 = — Wioic1 = Wit Wi = Wi
at the leaves:
Un;i = @ Vn;i = Vn;i Dn;i = - (614)

note that since the column base U is also in a hierarchically semi-separable form,
inserting it into A will be somewhat different than that in Section (6.1). The
modified formulas for inserting a column base U to A are given by

for k=1,2,...,n;i€1,2,...,281: j =i+ 1 forodd i and j =i — 1 for

even 1:
N Ba.ki
By = [ Ag’ " }
5 _ | RBagi 0 (6.15)
Rk = { 0 Ry }

7. Complexity analysis

From the algorithms given, the time complexity of the elementary operations can
easily be evaluated together with their effect on the representation complexity
of the resulting HSS structure. The same matrix can be represented by many
different HSS representations, in which some are better than others in terms of
computation complexity and space complexity. The HSS representation complexity
should be defined in such a way that operations on the HSS representation with
higher HSS representation complexity cost more time and memory than those on
HSS representations with lower HSS representation complezrity. Many indicators
can be used. Here, we use a rough measure for the HSS representation complexity
as follows

Definition 6. HSS complezity: the total number of free entries in the HSS repre-
sentation.

Definition 7. Free entries: free entries are the entries which can be changed without
restriction (For instance, the number of free entries in n x n diagonal matriz will
be n, that in n X n triangular matriz will be n(n — 1)/2... etc.).

The HSS complexity actually indicates the least possible memory needed to
store the HSS representation. It also implies the computation complexity, assuming
each free entry is accessed once or a small number of times during operations (we
may have to account for intermediary representations as well).

Since most of the algorithms given are not so complicated and some have
been studied in the literature, we shall limit ourselves to listing a summarizing
table for the existing HSS algorithms (including some from the literature). We
assume that n is the dimension of the HSS matrix and k is the maximum rank
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TABLE 1. Computation complexity analysis table

Operation Numerical Complexity Resulting represen-
tation complexity
Matrix- Vector ChMatrixx Vector (1) = O(nk?) A vector of dim. n
Multiplication [10]
Matrix-Matrix OMatrixx Matrix (1) = O(nk?) Addition
Multiplication [10]
Construct HSS for Ch-construction (1) = O(nk) proportional to k
rank-k matrix
Bases insertion CBases-insert (1) = O(n) Increase by the
size of V
Matrix-Append CMatrix-append (1) = O(n) Increase by one level
Matrix addition [14]  Cadaition(n) = O(nk?) Increase additively
Compression Ccompression (1) = O(nk?) Does not increase
Model reduction [15]  Chtodel-reduction(?) = O(nk?3) Decreases
LU Decom- Cru(n) = O(nk?) Does not change
position [1]
Fast solve [10] [14]  Csolve(n) = O(nk?) A vector of dim. n
Inverse Chuverse(n) = Onk? Does not change
Transpose C'rranspose(n) = O(nk) Does not change

of the translation matrices (more accurate formulas can be derived when more
detailed information on local rank is available). Table 1 gives a measure of the
numerical complexity in terms of n and k, as well as an indication of the HSS
complexity of the resulting structure.

We see that in all cases the complexity is linear in the original size of the matrix,
and a to be expected power of the size of the translation matrices. Of course, a
much more detailed analysis is possible but falls beyond the scope of this paper.

8. Connection between SSS, HSS and the time varying notation

In the earlier papers on SSS [19, 16], efficient algorithms have been developed. Al-
though different algorithms have to be used corresponding to these two seemingly
different representations, we would like to show that they are not so different, and
we will show how they can be converted to each other. By converting between
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these two representations, we can take advantages of the fast algorithms for these
two different representations.

8.1. From SSS to HSS
In [16], the SSS representation for A is defined as follows: let A be an N x N
matrix satisfying the SSS matrix structure. Then there exist n positive integers
mi,...,my with N = mq + -+ + m,, to block-partition A as A = A; ;, where
A;; € C™iX™a gatisfies
D; ifi=j
Ay =< UWigr .. W VI if j > (8.1)
PR, 4.. .Rj+1Q§I if j <.

For simplicity, we consider casual operators. For n = 4, the matrix A has the form

D UV UWoVH  UyWeWaVH
0 Dy U Vi U W3V

0 0 0 Dy
Let us first split the SSS matrix as following
D, U VH U1W2V3H Uy WaWsVH
A=| 0 Do GaVgt oWV (8.3)
0 0 Ds UsVy
0 0 0 Dy

The top-left block goes to the left branch of the HSS representation, while the
right-bottom block goes to the right branch. The root is defined by setting:

§1;1,2 =1 §1;2,1 =0 Wl;l =1

= R ~ (8.4)

Wio=Wy' Riyg=Ws Rip=1
Then we construct the left branch with a similar partitioning.

D, Uy Vil
{ 0 D, (8.5)

hence

Doy =Dy Upqn=U; Vou=Wy (8.6)
while for the right child

Dyo =Dy Usp=Us Vo ="Va. (8.7)

In order to keep the HSS representation valid, R and W matrices on the left node
should be set properly. That is

{ /E\Q;l =Wy Ez;z =1 /Wm =1 (8.8)

Wao = WH §2;2,1 =0 Byip2=1
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and similarly for the right branch with partitioning as in (8.5)

132;3 = D3 ﬁ2;3 =Us ‘72;3 = V3, (8.9)
Doy =Dy Usz=Us Vau=Vi (8.10)

In order to keep the HSS representation valid, R and W matrices on the right
node should be set properly. That is

{ {522;3:W4 1:324—1 Wzg—f (8.11)

Waq = WH 3243 =0 3234 =1
Finally the HSS representation can be written as:

~ .
1 UznBa2a2Vsh U21R213112W23V23 U21R213112W24V24

2
A 0 Ds.» U2 2R2 231 12W2 3V23 U2 2R2 23112W2 4V24
0 0 D2,3 Uy, 3B234V24
0 0 0 Do
(8.12)

with all the translation matrices set in equation (8.4) to (8.11).

The general transformation is then as follows. First we must partition the
SSS matrix according to a certain hierarchical partitioning. Then for a current
HSS node at k level which should contain the SSS blocks A, where i < z,y < j
(1 < i < j < n) and assuming the HSS block is further partitioned at block h
(1 < h < j) the translation matrices of the current node can be chosen as

Bk 2i-1,2i = 1 Ek;2i,2i71 =0 Wk;ziq =1
Wk,2z = Hm W W Reain =1[0—py1 We Rpoi=1

note that undefined W, matrices are set equal I (the dimension of I is defined
according to context). If i = h or h 4+ 1 = j, then one (or two) HSS leaf (leaves)
have to be constructed by letting

Dii =Dy, Uy =Up Vi = Vi (8.14)

(8.13)

After the HSS node of the current level has been constructed, the same algorithm is
applied recursively to construct the HSS node for SSS blocks A;,,i < x,y < h and
for SSS block Ay, h+1 < z,y < j (the recursion stops when a leaf is constructed.).

Observing the fact that all Ek;gi,gi,l matrices are zeros matrices and W21,
Ry;2i—1 are identity matrices, modifications can be done to get a more eflicient
HSS representation.

8.2. From HSS to SSS

In this section, we shall consider HSS as recursive SSS using the concise time-
varying notation of [5]. We shall first illustrate the algorithm by an example on
8 x 8 HSS representation. Different partitioning are possible, e.g., those illustrated
in Figure 6.
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FIGURE 6. HSS partitioning (on the left), SSS partitioning (on
the right).

We shall only consider the upper triangular case, as that is the standard case
in time-varying system theory. The 4-level balanced HSS representation can be
expanded as:

H Yy H H HyH H H Yy H
Dii Uin B oWa3Vaiz Ui Brn oWa iy Wisn Vag Una Bia oWay Wi Vig

)

A— 0 D53 Us;3 B3 s Wit ViE Us;3 B3 s Wik Vi
0 0 D3.7 Us;7Bs;7,8Vik
0 0 0 Dss.
(8.15)

This has to be converted to the time-varying representation for k = 4:

D1 BlCQ B1A203 B1A2A304

- 0 D2 BQC?, BQA3C4
0 0 0 Dy.
. . . L . Ay Ck
Representing the time-varying realization matrices as T} = B D ) we
k k
obtain
H HyH
Ty = { : ' } Ty = [ Waa WaiVas } (8.17)
Uii1Bia,2 Dy Us;3B2;3.4 D3
H H v H H
Ty = { Wi Wi Vs } Ty = [ ' Viis } . (8.18)
Us;7Bs;7,8 D37 - Ds;s.
More generally, it is easy to see that the realization at k step is given by
Ty, = [ A Gy } = [ Wi Wi 1 Vi } . (8.19)
By Dy U2k —1Bj2n 1 2% Djor 1.

According to the reconfigured partitioning, we see that for step k (indexing the
current node) all right children belong to the further steps, while all left children
g0 to Dy.or_1 in the realization of the current step. Wy.or_1, Wi.or and By.or _q o
are the translation matrices of the current node. Uy.ox_1 and Vj.96_; form the
column base and row base of the current node, yet they are not explicitly stored.
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Note that, according to the HSS definition, they should be generated(recursively)
from the left children.

The conversion algorithm should start from the root node and proceed re-
cursively. After constructing the realization on the current step, the algorithm
proceeds by setting the right child as the current node and the algorithm goes
recursively until it reaches the right bottom where no more right child exist. Then
the realization of the last step will be given as:

Viliono (8.20)
Dk71;2k*1
since a leaf does not have a right child.

To show how a HSS tree can be split as time-varying steps, we shall show the

partition on an HSS binary tree shown in Figure 7.

ﬁ

FIGURE 7. Binary tree partitioning.

Dy.or_; is a potentially large HSS block. Another level of time-varying no-
tation can be used to represent this Dj.or_; whose realization may again contain
sub-blocks represented by the time-varying notation. Since Uy.or_1, Vi.on_1 are
not explicitly stored and can be derived locally from the current step, no efficiency
is lost by applying recursive time-varying notation.

Here are a number of remarks on the recursive time-varying notation for HSS:

1. Dy _; in the realization is an HSS block which can either be represented in
HSS form or by time-varying notation. This suggests a possibly hybrid nota-
tion consisting of HSS representations and recursive time-varying notations.

2. Upoe_1 and Vjoe_; form HSS bases generated from Dj.or_4. For this recur-
sive time-varying notation, they should not be explicitly stored and can be
derived locally in the current step.

3. It is possible to represent general HSS matrices (not just block upper-triangu-
lar matrices) with the recursive time-varying notation.

4. All fast HSS algorithms can be interpreted in a recursive time-varying fashion.

5. Some algorithms applied on time-varying notation described in [5] can be
extended to the recursive time-varying notation (HSS representation).
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9. Final remarks

Although the HSS theory is not yet developed to the same full extent as the se-
quentially semi-separable theory, the results obtained so far show that the HSS
structure has indeed a number of very attractive properties that make it a wel-
come addition to the theory of structured matrices. Fundamental operations such
as matrix-vector multiplication, matrix-matrix multiplication and matrix inver-
sion (including the Moore-Penrose case accounted for in [18]) can all be excuted
with a computational complexity linear in the size of the matrix, and additional
efficiency induced by the translation operators. A representation in terms of global
diagonal and shift operators is also available, very much in the taste of the more
restrictive multi-scale theory. These formulas have not yet been exploited fully.
The connection with time-varying system theory is also very strong, and it should
be possible in the future to transfer a number of its results to the HSS representa-
tion, in particular model reduction, interpolation and Hankel norm approximation
(i.e., model reduction).

References

[1] W. Lyons, “Fast algorithms with applications to pdes,” PHD thesis, June 2005.

[2] 1. Gohberg, T. Kailath, and I. Koltracht, “Linear complexity algorithms for semisep-
arable matrices,” Integral Equations and Operator Theory, vol. 8, pp. 780-804, 1985.

[3] L. Greengard and V. Rokhlin, “A fast algorithm for particle simulations,” J. Comp.
Phys., vol. 73, pp. 325-348, 1987.

[4] V. Rokhlin, “Applications of volume integrals to the solution of pde’s,” J. Comp.
Phys., vol. 86, pp. 414-439, 1990.

[5] P. Dewilde and A.-J. van der Veen, Time-varying Systems and Computations.
Kluwer, 1998.

[6] A.van der Veen, “Time-varying lossless systems and the inversion of large structured
matrices,” Archiv f. Elektronik u. Ubertragungstechnik, vol. 49, no. 5/6, pp. 372-382,
Sept. 1995.

[7] Y. Eidelman and I. Gohberg, “On a new class of structured matrices,” Notes dis-
tributed at the 1999 AMS-IMS-SIAM Summer Research Conference, vol. Structured
Matrices in Operator Theory, Numerical Analysis, Control, Signal and Image Pro-
cessing, 1999.

[8] S. Chandrasekaran, M. Gu, and T. Pals, “A fast and stable solver for smooth recur-
sively semi-separable systems,” in SIAM Annual Conference, San Diego and SIAM
Conference of Linear Algebra in Controls, Signals and Systems, Boston, 2001.

[9] P. Dewilde and A.-J. van der Veen, “Inner-outer factorization and the inversion of
locally finite systems of equations,” Linear Algebra and its Applications, vol. 313,
pp- 53-100, 2000.

[10] S. Chandrasekaran, M. Gu, and T. Pals, “Fast and stable algorithms for hierarchi-

cally semi-separable representations,” in Technical Report. University of California
at Santa Barbara, April 2004.



294 Z. Sheng, P. Dewilde and S. Chandrasekaran

[11] W. Hackbusch, “A sparse arithmetic based on H-matrices. part i: Introduction to
‘H-matrices,” Computing, vol. 64, pp. 21-47, 2000.

[12] T. Pals, “Multipole for scattering computations: Spectral discretization, stabiliza-
tion, fast solvers,” Ph.D. dissertation, Department of Electrical and Computer En-
gineering, University of California, Santa Barbara, 2004.

[13] P. Dewilde, K. Diepold, and W. Bamberger, “A semi-separable approach to a tridi-
agonal hierarchy of matrices with application to image flow analysis,” in Proceedings
MTNS, 2004.

[14] S. Chandrasekaran, P. Dewilde, M. Gu, W. Lyons, and T. Pals, “A fast solver for
hss representations via sparse matrices,” in Technical Report. Delft University of
Technology, August 2005.

[15] S. Chandrasekaran, Z. Sheng, P. Dewilde, M. Gu, and K. Doshi, “Hierarchically
semi-separable representation and dataflow diagrams,” vol. Technical document, Nov
2005.

[16] S. Chandrasekaran, P. Dewilde, W. Lyons, T. Pals, and A.-J. van der Veen, “Fast
stable solver for sequentially semi-separable linear systems of equations,” October
2002.

[17] S. Chandrasekaran, M. Gu, and T. Pals, “A fast ulv decomposition solver for hier-
achically semiseparable representations,” 2004.

[18] P. Dewilde and S. Chandrasekaran, “A hierarchical semi-separable Moore-Penrose
equation solver,” Operator Theory: Advances and Applications, vol. 167, pp. 69-85,
Nov 2006, Birkhauser Verlag.

[19] S. Chandrasekaran, P. Dewilde, M. Gu, W. Lyons, T. Pals, A.-J. van der Veen, and
J. Xia, “A fast backward stable solver for sequentially semi-separable matrices,”
September 2005.

Zhifeng Sheng and Patrick Dewilde

Circuits and Systems Group

Faculty of EEMCS

Delft University of Technology The Netherlands
e-mail: Z.Sheng@ewi.tudelft.nl

e-mail: p.dewilde@ewi.tudelft.nl

Shivkumar Chandrasekaran

Room 3109, Engineering I

Department of Electrical and Computer Engineering
University of California Santa Barbara

CA 93106-9560, USA

e-mail: Shiv@ece.ucsb.edu



