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Dense Matrices

Key bottle-neck in computations

® Pseudo-spectral methods
® Fill-in for finite-element methods

® Boundary-element methods
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Fast Matrix Algebra

® Rokhlin: Fast Multi-pole Method (FMM)
® Haclkbusch: Hierarchical Matrices, H2

® Dewilde: Linear Systems Theory



HSS

® Hierarchically Semi-Separable
Representation

® Simplest FMM structure

® Exact, linear, stable solvers
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Column Translation Operators

R2;1
U2;1
Ul;l —
Ra.9
Uz
Similarl
y U _ U2;3R2;3
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® U;., not needed and not stored

® .. are smaller and stored






Row Translation Operators

W2;1
V2;1
Vl;l —
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V2;2
Similarl
4 Vi — Va.3Wa.3
B2\ Vo Way

® V.. not needed and not stored

® W.. are smaller and stored
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Binary Tree Representation



FMM (One Level)

(b1;1> _ ( D U1;1Bl;1,2V1T;2> (X1;1)
by;2 U1,2B1;2,1 Vi Do X1;2

X1;1 X1;2

l l

T

bl;l <« Dl;l U1;1B1;1,2V1;2)
T

by0 «—\ U1,2B1,21V7, Do



FMM (One Level)...
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FMM (Two
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FMM (Two Level)...
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FMM (Two Level)...

® At output try the formula
br.i = Upkilis + DgiXps
® Obviously
fl;i — Bl;i,jgl;i

® But U, ; is not available



FMM (Two Level)...

Let us look at first output line
bo.1 = Da.1xo.1 + U2.1B2.1 2820 + Ua.1Ro.1B1.1 2812
= Dy.1x92.1 + Usz.1(Ba:1 2822 + Ro.1 B1.1281.2)

Hence



FMM

Up-sweep recursions
Sk; Vk i Xk
8k—1;1 — Wk 9i—18k:2i—1 T Wk .2;8k;21
Down-sweep recursions
fO;l — ()
fr0i—1 = Broi—12i8k2i + Rioi—1tk—1.
fk;Zi — Bk;Qi,Qi—lgk;Qi—l + Rk;Qz’fk—l;i
Outputs
br.i = Ukl + DgiXpe
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Sparse Representation

D 0 UPeas X b
0 BZ. Rz, -I1]||gl|l=10
Py V" ZWHY -1 0 f 0

D, B, U, R, V, W are diagonal matrices
Z| is a shift down matrix acting on trees

Z _, exchanges siblings on the tree
Picar projects onto leaf indices



Fast Solvers

® The binary tree has good separators

® Hence we have fast (LU and QR) solvers
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Diffusion Equation
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Fast Pseudo-spectral
Solver

Pseudo-spectral differentiation matrix has
compact HSS representation

Non-periodic boundary conditions are a
snap

Given basic HSS forms system can be
assembled in linear time

Overall complexity is linear



100 Crank-Nicholson time steps

Gauss-Lobatto CPU time

points (seconds) Error (1E-6)
200 2.13 .20
400 5.23 .19
800 14. | .19
1600 38.5 .20
3200 87.4 .22
6400 213 | .44



Fast Solver Timings (seconds)

sin(r|lzi—z;l) . 4

Aij = { lzi—a;] 7 Js
| 1 P =]
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Random points on the sphere in nested dissection order

Number of points |E-4 | E-8
100 0.0l 0.0l
200 0.03 0.07
400 0.07 0.21
800 0.13 0.42
1600 0.26 0.90
3200 0.50 |.48
6400 0.89 2.57

12800 |.58 4.05
25600 2.71 6.35
51200 5.11 | 1.48



Fast Inversion of FMM

>

® Classical exterior scattering (Helmholtz
equation)

® Wavenumber = 100
® Boundary integral equation formulation

® FMM relative accuracy of 1E-10



Fast FMM Inversion

Timing in seconds

Number of points| Dense LU GMRES-FMM Sparse LU
1536 12.36 13.40 2.62
2304 36.24 20.03 2.73
3072 88.69 42.13 3.79
3840 (173) 53.13 4.61
4608 (299) 68.56 4.94
5376 (475) 96.65 5.54




AB = C

Define g and f via
8y = Vigi(A) Upyi(B)
Dy;i(C) = Di;i(A)Diyi(B) + Ui (A) i Vi (B)
Up-sweep and down-sweep recursions
Sk—1;i = Wlil;Qi—l(A)gk;Qi—le;Qi—l(B)
+ WkH;Qi(A)gk;QiRk;Qi(B)
fri = Bhyij (A)8hiiBrijii (B) + Rii (A)f), 111y Wi (B)






