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Overview

 Review of Hierarchically Semi-Separable (HSS)
Representation

- Notation
* Previous HSS Algorithm Complexities
 Memory Efficient Algorithm

- Phase 1

- Phase 2
 Memory Consumption

« “A Fast Memory Efficient Construction Algorithm for
Hierarchically Semi-Separable Representations”
submitted for publication
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Use a Partition Tree to Block Partition a Matrix

« Partition A according to the integers at the first level of the
partition tree

i1 1.2

A ~Maa A1;1,1 A1;1,2
0;1,1 —

mi.2 A1;2,1 A1;2,2

« Recursively partition the block rows and columns of A

121 2.2 2.3 T2:4

m2:1 /A2;1,1 A2;1,2 A2;1,3 A2;1,4\
Agq 1 = ma2.2 A2;2,1 A2;2,2 A2;2,3 A2;2,4
T mo.3 | Asz1 Asza Asszsz Asza
Mo.a \ A2.a1 Aoao Asusz Asas
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Definition — Complete Partition Tree

1n0;1
n1-1 12
n2:1 mn2;2 Nn2.3 124
ns3:1 n3.2 MN3:3 n3.4 135 n3.e 1mM3;7 ns.s
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HSS Representation

........

U191

---------

« Off-Diagonal blocks thus have low rank and can be compressed

e Only store smaller basis matrices (Uk;:, Vk;; ) and translation operators
(Rk;i7 Wk,z)
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Definition - Hankel Blocks

L T T T ST T T LTI, ST
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Block rows/columns of A, excluding diagonal blocks
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Definition - Hankel Blocks

Block rows/columns of A, excluding diagonal blocks
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Larger Basis Matrices Can Be Stored as

Translated Versions of Smaller Basis Matrices

-IIIIIIIII JESEESEESEEESEEEEEEENENZ -IIIIIIIIIIIIIIIII. ..............................

Rz,l . : W2;1
Us.1 §V2;1.
Un 8 bt Vl;l — E::::::: ______________________
R2’2 : W2;2
S L §V2;2 _______________________
U1’2 p— U23R23 V12 _ V2;3W23
Us.q Ro4 ; Voot Wos
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Example 2 Level Column and Row Bases

U 2;1

Uz

U 2;4
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Example 2 Level HSS Representation and
Corresponding HSS Tree

Note: Notice the larger U's and V's are not stored, and do not appear in the HSS
Tree
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Definition - HSS Tree

 An HSS tree of a matrix is the corresponding partition tree
decorated with Ug.;, Vi.i, Di.iy Riii, Wi and By .
— The matrices Uk;i, Vi:i, Di:i,are stored at each leaf node (k;1).

- The matrices Rx;; and Wi;; are stored at each edge which connects
parent to child node, (k;1).

- We add edges to the partition tree from node (k;%) to node (k; )
corresponding to Bk.; ;.
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Definition of HSS Representation

- If (k;7)is a leaf node, Dy.; = Ag.;.;
 |f (k;4)is not a leaf node,

_ T
Ag2i-1,2i = Upk2i-1Br;2i—1,2:Vig.o4
_ T
Ak2i-1,2i = Uk;2iBr;2i2i-1 V0515
 Where,

... — Uk+1,2i—1Rr41:2i—1 V. — Vit1,2i-1 Wrt1,2i—1
k+1;2¢Lk+4-1:22 k+1;2¢VV k4127
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An Inefficient Method to Compute the HSS

Representation

e One obvious way to form the HSS representation of a matrix would be to
take a Singular Value Decomposition (SVD) all Hankel blocks at each level

of the HSS representation.

e This is extremely slow, O(n?) flops.

 Not memory efficient, O(n?) memory

, T -
L"k:_iz-.é—l-Bk:‘zfi— 1,24 V}.t;,}i

..............
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A More Efficient Way to Compute the HSS

Representation

* Previous HSS construction algorithms (Xia,
Chandrasekeran, Martinsson) focused on speed, requiring

O(n?)flops.

» It seems they were unaware they require O(n?) memory in
the worst case.

 We present an HSS construction algorithm which requires
O(n'°)peak workspace memory in the worst case, while
still requiring only O(n?)flops.

* We require only O(nlogn)memory for a complete tree.

10/28/15 Kristen Lessel 14




Main Points of this Talk

» Basic building blocks for O(n?) flop construction
algorithm

 Peak memory consumption
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Phase 1 & Phase 2 of our Construction Algorithm

e Phase 1 — Computation of Basis Matrices, Uk;;, and
Vi.:, as well as Translation Operators Rg;; and Wy

 Phase 2 — Computation of Expansion Coefficients
Bli,j
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Phase 1 - Take SVD's Hankel Blocks at Leaf Nodes

F L R L R L L L R L R R R R R NN R L) ITET T Y CLLLRLELET IR R R VR R Y YL r )

Sunnnmnnoonnnnnnnnndnnnnonpoornooni | B b
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Construction Algorithm - Phase 1
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Construction Algorithm - Phase 1
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Construction Algorithm - Phase 1
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Construction Algorithm - Phase 1
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Construction Algorithm - Phase 1

N

10/28/15 Kristen Lessel 22




Construction Algorithm - Phase 1
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Construction Algorithm - Phase 1
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Construction Algorithm - Phase 1
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Us;s L6

Us.7 R3.7

Us.q R3.g
10/28/15 Kristen Lessel 26




Construction Algorithm - Phase 1

Us;s Fis;s
Us;s L6

Rs.

Us.q 3.8
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Construction Algorithm - Phase 1

U3;6 R3;6
U3;7 RS;?
U3;8 RS;S
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Phase 1 Complete
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Construction Algorithm - Phase 2 - The Naive Way

10/28/15 Kristen Lessel 30




Construction Algorithm - Phase 2 - The Naive Way
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Construction Algorithm - Phase 2 - The Naive Way

10/28/15 Kristen Lessel 32




Construction Algorithm - Phase 2 - The Naive Way
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Construction Algorithm - Phase 2 - The Naive Way
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Construction Algorithm - Phase 2 - The Naive Way
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Phase 2 - A Better Way: Divide and Conquer
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Phase 2 - A Better Way: Divide and Conquer
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Phase 2 - A Better Way: Divide and Conquer
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Phase 2 - A Better Way: Divide and Conquer
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de and Conquer
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Phase 2 - A Better Way: Divide and Conquer
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Phase 2 - A Better Way: Divide and Conquer
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Phase 2 - A Better Way: Divide and Conquer
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Phase 2 - A Better Way: Divide and Conquer

: Byt : WV W)l

EUl Rl: Ui R4 Bbz’g WlTvlT Uq RleZ’g WZTVZT
1, Ro:

: : Us R BpigW{ Vi | Uy Ry BrigWd V!
N :
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Phase 2 - A Better Way: Divide and Conquer

Ui R, Bbz'g W1TV1T Uy Rleig W2TV2T

UaRoBpigW{'Vi" | Uy Ro BoigWE VL
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Phase 2 - A Better Way: Divide and Conquer

Ui R, Bbz'g W1TV1T Uy Rleig WQTVQT

Us R BpigW{ Vi | Uy Ry BrigWi Vil
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Phase 2 - A Better Way: Divide and Conquer

Ry ByigW{ViF Ry Byig W3 V5

Ry Byig WiV Ry BrigW V)l
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Phase 2 - A Better Way: Divide and Conquer

R1 Bbz’g WlT Rleig WQT

Ro Byig Wit Ro BpigWs
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Phase 2 - A Better Way: Divide and Conquer
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Phase 2 - A Better Way: Divide and Conquer
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Phase 2 - A Better Way: Divide and Conquer
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Phase 1 & 2 Complete

» We have calculated every Uk, Vi, Ri.;,Wg.; and By ;
In the HSS Representation
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Algorithm Memory Consumption

. Other algorithms can take as much as O(n?) memory
due to a depth first traversal of the HSS tree

* Our algorithm traverses the tree in a deepest first
order instead, and takes O(p"°n'-°>) memory in the
worst case, where p Is the rank of the off diagonal
blocks of the matrix A, while still taking only O(n?p)

flops

10/28/15 Kristen Lessel
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What is the Worst Case Memory Consumption for

Our Algorithm?

* Phase 2 of our algorithm (computation of Expansion
Coefficients Bk;i,; ) consumes at most O(pn) memory

- One P X p block is stored in memory for each recursive
call.

- Tree of max depth is O(n/p)

- This implies O(pn) peak memory consumption for a tree
of maximal depth

* We need to focus on Phase 1 (computation of basis
matrices, Ux.; and Vi.; , and translation operators fk;; and
W) of our algorithm in order to determine peak workspace

consumption
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Depth First Traversal is Not Optimal for Peak

Memory Consumption
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Depth First Traversal is Not Optimal for Peak
Memory Consumption
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Depth First Traversal is Not Optimal for Peak
Memory Consumption
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Depth First Traversal is Not Optimal for Peak
Memory Consumption
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Depth First Traversal is Not Optimal for Peak
Memory Consumption
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Depth First Traversal is Not Optimal for Peak
Memory Consumption
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Depth First Traversal is Not Optimal for Peak
Memory Consumption
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Depth First Traversal is Not Optimal for Peak
Memory Consumption
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Depth First Traversal is Not Optimal for Peak
Memory Consumption
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Depth First Traversal is Not Optimal for Peak

Memory Consumption

« Each block shown is of dimension n X p, where p IS
the rank of the off-diagonal blocks of the original
matrix

« Maximum Depth of this tree is O(n/p)
» This implies a memory consumption of O(n?)
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How to fix this: Deepest First Traversal

* Traverse in a Deepest first ordering

« Peak workspace memory consumption of O(np) for a
tree of maximal depth
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Method We Use: Deepest First Traversal
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Method We Use: Deepest First Traversal
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Method We Use: Deepest First Traversal

@) 3
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Method We Use: Deepest First Traversal
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Method We Use: Deepest First Traversal
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Method We Use: Deepest First Traversal
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Method We Use: Deepest First Traversal
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Method We Use: Deepest First Traversal
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Method We Use: Deepest First Traversal
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Deepest First Traversal Memory Count

* For the maximal depth tree, only 2 blocks of size
n X p are in memory at any given time

 Peak workspace consumption for a tree of maximal
depth is O(pn) using deepest first traversal vs O(n?)
for depth-first traversal

* Further, for a complete tree, the deepest first traversal
leads to a peak workspace consumption of O(pn logn)
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Worst Case Memory Consumption for our

Algorithm

 How does worst case memory usage grow with matrix
size, n?

* This can be formulated as a graph theory problem
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Memory Block Cardinality for a Root-leaf Path

 Without loss of generality, any HSS tree can be re-ordered such that the depth of
the left subtree is always equal to or greater than the depth of the right subtree.

* Block is stored in memory when we return from a left call.

 Memory Block Cardinality for a root-leaf path is equal to the number of right children
in that path plus one.

— Memory Block
«— Cardinality for this
root-leaf path is 3

10/28/15 Kristen Lessel 78




Memory Block Cardinality for a Root-leaf Path

 Without loss of generality, any HSS tree can be re-ordered such that the depth of
the left subtree is always equal to or greater than the depth of the right subtree.

* Block is stored in memory when we return from a left call.

 Memory Block Cardinality for a root-leaf path is equal to the number of right children
in that path plus one.

—— Memory Block
«— Cardinality for this
root-leaf path is 4
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The Search for Maximum Memory Consumption

Can Be Formulated as a Graph Theory Problem

e Branch with maximum memory block cardinality will give peak memory consumption.
« Number of leaf nodes, IVy,, is proportional to the size of the matrix n.
« Number of leaf nodes, Nz, is proportional to the number of nodes, V.

 We are looking for a class of trees that maximizes the ratio of the worst case memory
block cardinality to number of nodes.

1
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We Can Narrow Down Our Search By Excluding
Some Classes of Trees

« We can rule out the class of trees that don't have the worst case memory block
cardinality along their right-most branch.

» Worst-case memory block cardinality = 3 for both trees shown below.
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Complete Trees Do Not Give Rise to Worst Case
Memory Usage

« Complete trees have the property that the worst case memory block cardinality occurs
along the right-most branch.

» Worst-case memory block cardinality = 4 for both trees shown below.
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Class of 'Worst Case' Trees* Has a Surprising

Structure

* K. Lessel, M. Hartman, and S. Chandrasekaran. A Fast Memory Efficient Construction Algorithm for
Hierarchically Semi-Separable Representations. Submitted to SIAM J. Matrix Analysis and Applications
10/28/15
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Worst Case Memory Consumption for our

Algorithm

» Worst case number of memory blocks we can
generate is O(N"°), and is generated by the binary
tree with a structure as shown

no;1
11 ni.2
n2:1 n2:3 N4
na.2
731 3.5 n3;7 Na.s
n3;2 n3;6
ng.1 N4.2 N4g;9 N4;10 MN4;13 T4:14 N4:15 n4:16
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Worst Case Memory Consumption for our

Algorithm

» Worst case number of memory blocks we can
generate is O(N"°), and is generated by the binary
tree with a structure as shown

no;1
11 ni.2
n2:1 n2:3 N4
na.2
731 3.5 n3;7 Na.s
n3;2 n3;6
ng.1 N4.2 N4g;9 N4;10 MN4;13 T4:14 N4:15 n4:16
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Worst Case Number of Memory Blocks is O(N°-°)

Worst case number of memory blocks = d +1
N =~ d°
Worst case number of memory blocks ~ v/ N *

* K. Lessel, M. Hartman, and S. Chandrasekaran. A Fast Memory Efficient Construction Algorithm for
Hierarchically Semi-Separable Representations. Submitted to SIAM J. Matrix Analysis and
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Relationship between the number of nodes, N and

the size of our matrix, 7

 Number of non-leaf nodes, Vn, is one less than the
number of leaf nodes, /Vy, | I.e,

Ny =Ny —1
° NL:n/p
e N = Nn + Ny,
2
_ "
p

The worst case number of memory blocks is O(N°-°)
O.5n1.5)

Peak memory consumption is O(p
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Numerical Results

* Upper bound for worst case peak memory consumption Is
O(p"-°n'-®), and we can show this is a tight bound for
'Worst Case' trees.

Peak Memory Consumption. p=#6

memCount

—Peak Floating Point Allocations

——p"5n' 5. n
L1 1l 1 13 1l

100 10° 10t 100 10° 10
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Conclusion

e Our 2 Phase Algorithm allows for a deepest first traversal of the HSS
tree, yielding a reduction in peak memory complexity from O(n?) to
O(p"°n'®) as compared with previous algorithms, while still taking
only O(n?) flops.

« Open guestion: Does there exist a 'linear' memory algorithm which
does not give up the O(n?) flop constraint?
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Appendix
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Why HSS?

* Matrix vector multiply: O(n?) flops vs HSS vector multiply: O(n) flops

« Solution, x, of Ax = b. Gaussian Elimination: O(n?) flops vs Fast HSS
solver: O(n) flops
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Leaf Node Computations

« For (ky,%), (k2,7)leaf nodes define

_ 77T . . .
Bkl;i,k2,j — Ukl,iAkl;z,kg,J sz;]

e For (k1,1) a leaf node, and (k2. ) is not, define
By iiks:i = Bryyiska+1;25—1 Whot 1,251
+ By iiko+1:2§ Wha 11525

e For(k1,%) not a leaf node, and (k2,7) is a leaf node,

define
Biysikaii = Riey 11:2i—1Brka4+1:2i-1,k5.

+ Rk1+1 27,Bk1+1 ;21,k2,7
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Non-Leaf Node Computations

e For (ki,17), (k2,7)not leaf nodes, we will have k1 = k»
and can then write
Bli,j = Bhyjikasj
where k = k1 = ko
e Then define
T
Bliij = Riq1.2i1Bk+1520-1,2 -1 Wet 1,251
T
+ Rjy1.0i1Br+1:2i—-1,2 Wkt1;25
T
+ Ry 1,2i Brt1;2i,25 -1 Wet 1,251

T
+ Ry 1,2i Brv1;2i,2i Wet1525,
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Phase 1 - Leaf Node Computations
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Phase 1 - Non-leaf Node Computations

THk'Zz'—l = Zk;Qi—l Q?Qi—l ch;Qz'—l — Pk;Qi—l Ak;27)—1

] p— T & _— . .
er:;Qi — Zk;% ka;27j ch;Qi — Pk;27f Ak;2’6
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Phase 1 - Non-leaf Node Computations

 Remove block cloumns of Q;Zc:i,j which corresond to
the columns that lie in the diagonal block Dg_1.;

T _ T T T
ki — ( kii,1 kyi,2  ° k;i,2F—1 )
T T T T T
Qk;z’ — ( S kii,0—1 kyt,o+1 k;1,2k—1 )

« Compressed Hankel blocks at node(k — 1;1)

T
o L Ek;Qz’—l Qk;%_l
r-tk—1;1 — T .

cHi_1i = ( Proic1 Ak2ic1 Pr2i Ak2i )
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Algorithm 1 Pass 1U

Algorithm 1 Pass 1U - Memory Efficient HSS Algorithm

1: function HSS_BaAsis(tree)

2 if tree is a leaf node then

3 (Uksis Zhei, QF.;) = TRUNCSVD([Apsi 1 Akiiz oo Aksiict Aksiitl -+ Akiiend])

4: return E;\.-_,Q}{:f B [E';\.H is defined as previously stated in equation (3.8)
5 else i tree is not a leaf node
i -, treel, treeR = tree

7 if DEPTH(treel) > DEPTH(treeR) then

8: 10,0, = HS5_Basis(treeL)

0: +Hy 1.0, = HSS_Basis(treeR)

10: else

11: +Hy i 1.0; = HSS_Basis(treeR)

12: +Hy o 1.0:_ = HSS_Basis(treeL)

13: end if

14: H = ( "HI}“”H )

rot k4124

15: rHy 1001 = ()5 rHi 1100 = ()

16- ( ﬁ:f‘{:if:] ) ki, Xki = TRUNCSVD(_H, .)
17: return X, }\_LE! > Xp; is defined as previously stated in equation (3.8)
18: end if

19: end function

10/28/15 Kristen Lessel 98




10/28/15

Algorithm 2 Pass 2BU

Algorithm 2 Pass 2BU - Computation of Expansion Coeflicients (Bj.;—; ;) Corresponding to Diagonal
Blocks

Require: tree is not a leat node

1:
2
3
4:
5
G
T
B

-
10
11:
12:
13:
14:
L5:
Li:
18:
19:
20:
21:

22:
23:
24:
25:

function B_DiaG(tree)
—, treel, treeR = tree = 3 (k1;1) s.t. it is the numbering for the root node of treeL.
= 4 (k2;7) s.t. it is the numbering for the root node of treeR.
if treel is a leaf node and treeR is a leaf node then
B""'li*-”"'i'--l - {"IT.H;;;.A!"-'UJ.A'g i3 1"1':'-.1
else if treel is not a leaf node and treelR is not a leaf node then
By .i k.. = BL.OFFD1AG(treel, treeR)
B_Diac(treel)
B_Diac(treeR)
else if treel is a leaf node and tree R is not a leaf node then
—. treeRL treeRR = treeR
Bi, i k,+1:2i—1 = B_OFFDI1AG(treeL, treeRL)
Bi, i ks+1:27 = B-OFFDIAG(treeL, treeRR)
Biiikai = Bryika+ 13201 Wit 125-1 + Brysika 4132 W 41525
B,k +1525—1 = () By, i ka+1;25 = ()
B_DiaG(treeR)
else if freel is not a leaf node and treeR is a leaf node then
—, treeLL, treeLR = treelL
Bkl+1;2:'—[_l.-2.,| = B_DFFDL-"LG[ treel L. EI'EFI{.)
By, +1:2i k.7 = B_OFFINAG( treel R, treeR)
Bku iy & H:E.{-Il+1:‘zi—153~'l $1;2i=1,kg:j + R§IL+1;2,BA-1 F1;24 kg id
B o o1 = 1) By 412 kyyi = ()
B_DiaG(treeL)
end if

end function
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Algorithm 3 Pass 2BU

Algorithm 3 Pass 2BU - Computation of Expansion Coellicients [ Hy.; ¢ ;) Corresponding to Of-Diagonal

Blocks
1: function B_OrFFDiAG(treel trecR)
2 —, treelLL, treelLR = treel
3 —., treeRL, treeRR = tireeR
4: if freel is a leal node and treef is a leal node then
& Biyiikag = {Ij| Ak kasi Viass
G: return By, i i,
T else if freel is not a leaf node and treefl is not a leaf node then
B Bkl FL2i— 1 kot1:25—1 = B_DFFDIAG{T.?'FH-‘LL,fl‘f‘ffRL:I
- Bi, +1:2i—1,k;+1;2— = B_OFFDIAG(treeL L treeRR)
10: B 4121 ky41:2-1 = BLOFFDIAG(treeLR treeRL)
11: B, +1:2i ks +1:2; = B_OFFDIAG(tree LR tree RR)
o Biikyi = R:r-‘,_..l;gg_lﬁi-] F132i—1.kpt1:25 -1 Wha 12521 + Hf', +1:2i— 1Bk +12i =1,k +1;2§ Who 41,25
+ Bji. 4 1.9:Bky 4120 ko +12i -1 Wha+ 112 -1 + Ri, 4 1:2i Bk +1:2i ko +1:2i Why+1:25
13: BM+1:‘2:‘—[.F;2+];2;;—1 = (); B, v1:2i-1 kar 1525 = ()
14: Br, +1.24 pat1:24—1 = () Br, +1:24 kg+1:25 = ()
15: return By, .; i,
16: else if freel is a leaf node and freefi is not a leaf node then
17 BM'-!'-#-: F1:2j—1 = B_O‘FFDIAG[ﬂ'(—.‘(EL.TI'I-‘{‘.‘RLII
18: Bi,ik,+1:2j = B_LOFFDIAG(treeL tree RR)
19: B, :ijka:i = Bipsika4+1:2i -1 Wha1:2j-1 + Bipikg 1,2 Wea 125
20: B bpiing=ii= 1) By, ko125 = ()
21: return By . ..
29: else if freel is not a leaf node and treeR is a leaf node then
23: By, 1:2i-1,ky;; = B_OFFDIAG(treel L treeR)
24: By, +1:2i ks;j = B-OFFDIAG(treeL R treeRR)
25: Biiiikaij = Hf, +1:2i—1Bk1+1;2i—1,ks;j T I‘)-E-—l+1;2;BF-'L+i;2iJ'2:J
26: B 11211,k = (s By 11:2i kari = (
27 return By, . 1.,
28: end if

20: end function

10/28/15 Kristen Lessel 100




Worst Case Memory Consumption for our

Algorithm

10/28/15 Kristen Lessel 101




Example Block Partitioning of a Matrix with

Corresponding Partition Trees

no;1

na:1 n2;2 na.3 n2:4

n2:1 n2:2 n2:3 24
—

ma:q

A1;1,2

mi.o { A1;2,1 A1;2,2;3 A1;2,2§4
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* Fast Multipole Method (FMM) construction Algorithm

 FMM x FMM

* Application to classical HSS algorithms: HSS Multiply
& HSS Solver

10/28/15 Kristen Lessel
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